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Do we need to go beyond the GW approximation?

LACCMSS 2025

Many approximations are based on a picture where a quasi-particle is dressed by pairs of particles. 
This splits the many-body problem into one effective particle and a correlated two-body part.
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Are there other approaches to address this problem?

quasi-particle 
excitation

quasi-particle 
excitation



Reduced quantity based approaches
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Key Quantities: Simpler physical quantitiy, 
e.g., 𝜌 𝑟 , 𝛾 𝑟, 𝑟! , 𝐺 𝑟, 𝑟! , ⋯

Theoretical Approaches to Interacting Many-Electron Systems
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Many-body Hamiltonian Community
Key: Replace Hamiltonian with a simplified model 

Hamiltonian, hoping this leads to qualitative 
understanding 
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Reduction of the Interacting Many-Electron Hamiltonian
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The field operators can be expressed in an arbitrary 
complete representation. 
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Reduction of the Interacting Many-Electron Hamiltonian
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Effective Model Hamiltonians
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Effective Model Hamiltonians
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Periodic Anderson Lattice Model
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Impurity models are 
correlated systems!

For 𝑇 ≪ 𝑇" system displays asymptotic 
freedom similar to QCD



Numerical Methods to Solve Effective Models
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• Exact diagonalization method
• Exact
• Limited to finite sizes

• Quantum Monte Carlo method
• Non-perturbative and thermodynamic limit
• Negative sign problem for fermions

• Density matrix renormalization group (DMRG) theory
• Capturing both quantum temporal and spatial fluctuations
• Limited to one dimensional (1D) or quasi-1D systems

• Hartree-Fock mean-field (HMF)
• Computationally efficient for ordered phases 
• Neglecting temporal and spatial fluctuations

• Dynamical mean-field theory (DMFT)
• Capturing quantum temporal fluctuations 
• Neglecting spatial quantum fluctuations



DMFT: The Main Idea
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DMFT: An atom in a 
self-consistent bath.

W. Metzner, D.Vollhardt, 1989
A. Georges, G. Kotliar, 1992
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DMFT Mapping
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Cavity Method: we focus on one site 𝑖 = 0 and separate the 
Hamiltonian into three parts

𝐻 = −%
!"#

𝑡"#𝑐̂"!
$ 𝑐̂#! + 𝑈%

"

+𝑛"↑ +𝑛"↓

Hubbard Model

𝐻 = 𝐻+ + 𝐻, + 𝐻-

𝐻+ = −%
!

(𝜀+ − 𝜇)𝑐̂+!
$ 𝑐̂+! + 𝑈+𝑛+↑ +𝑛+↓

𝐻- = %
".+,!

(𝜀" − 𝜇)𝑐̂"!
$ 𝑐̂"! + %

".+,#.+,!

𝑡"#𝑐̂"!
$ 𝑐̂#! + 𝑈%

".+

+𝑛"↑ +𝑛"↓

𝐻, = %
".+,!

𝑡"+𝑐̂"!
$ 𝑐̂+! + 𝑡+"𝑐̂+!

$ 𝑐̂"!



DMFT Mapping
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The three parts of the Hamiltonian correspond to the action 𝕊+ of site 0, the action 𝕊, for the 
interaction between site 0 and the lattice, and the action 𝕊- of the lattice without site 0.

𝕊 = 𝕊+ + 𝕊- + 𝕊,

Action:
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DMFT Mapping
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The aim is now to integrate out all lattice degrees of freedom except those of site 0 in order to 
find the effective dynamics at site 0. In that process, the action 𝕊+ remains unchanged, the terms 
of 𝕊, are expanded in terms of the hopping 𝑡 which becomes small with increasing dimension 
and averaged with respect to the action 𝕊-.

Partition Function:
𝑍 = <𝒟 ̅𝑐+!𝒟𝑐+!𝑒1𝕊;<E

".+

𝒟 ̅𝑐+!𝒟𝑐+!𝑒1𝕊
<𝑒1 ∫;

= 75𝕊>(5)

𝑒1 ∫;
= 𝕊>(5) = 1 −<

+

0
𝑑𝜏𝕊, 𝜏 +

1
2!
<
+

0
𝑑𝜏8<

+

0
𝑑𝜏'𝕊, 𝜏8 𝕊, 𝜏' −⋯

In general an operator average with respect to an action 𝑆 can be 
expressed as:

𝒜 9 =
∫∏"𝒟 ̅𝑐"!𝒟𝑐"!𝑒19𝒜 ̅𝑐"!, 𝑐"!

∫∏"𝒟 ̅𝑐"!𝒟𝑐"!𝑒19
= 𝑍918<E

"

𝒟 ̅𝑐"!𝒟𝑐"!𝑒19𝒜 ̅𝑐"!, 𝑐"!



DMFT Mapping
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The second functional integral over 𝕊- is used to average 
the terms of the 𝕊,	expansion
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DMFT Mapping
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We write the bracket ⋯  as an exponential function in order to identify an 
effective action 𝕊<**
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DMFT Mapping
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Fourier transform the Weiss field:

In DMFT, we neglect the spatial 
quantum fluctuation: 

𝔊!18 𝑖𝜔= = 𝑖𝜔= − 𝜀+ + 𝜇 − %
".+,#.+

𝑡+"𝐺"#!- 𝑖𝜔= 𝑡#+ 𝑖𝜔1 = 2𝑛 + 1 𝜋𝑇

Identity relation between the cavity Green’s function 
and Green’s function on the lattice:

𝐺"#!- 𝑖𝜔= = 𝐺"#!(𝑖𝜔=) − 𝐺"+! 𝑖𝜔= 𝐺++!18 (𝑖𝜔=)𝐺+#!(𝑖𝜔=)

𝐺"#!(𝑖𝜔=) =
1
𝑁>
%
?

𝐺!(𝑘, 𝑖𝜔=) 𝑒"?⋅AGH 𝐺!18 𝑘, 𝑖𝜔= = 𝑖𝜔= − 𝜀+ + 𝜇 − 𝑡? − Σ!(𝑘, 𝑖𝜔=)

Σ!(𝑘, 𝑖𝜔=) ≈ Σ!(𝑖𝜔=)

Weiss field satisfies the local Dyson 
equation: 𝔊!18 𝑖𝜔= = 𝐺++!18 𝑖𝜔= + Σ!(𝑖𝜔=)



DMFT Self-Consistency Procedure
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Dynamical Mean Field Theory

Self-Consistent Σ

𝔊18 = 𝐺+18 − Σ
𝐺BCD = 𝔊AA
=%

?

1
𝑖𝜔= + 𝜀? − Σ

𝔊+18 = 𝐺BCD18 + Σ

ΣInput 

Impurity SolverΣ 𝔊+

𝐺BCD𝔊

𝕊<**Solve



Mean-Field Theories
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Numerical Approaches for Impurity Solver
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• Exact diagonalization method [PRL 72, 1545 (1994)]

• Quantum Monte Carlo method
o Hirsch-Fye implementation [PRL 56, 2521 (1986)]
o Projective QMC [PRB 40, 506 (1989)]
o Continuous-time QMC [PRB 72, 035122 (2005); PRL 97, 076405 (2006)]

• Numerical renormalization group (NRG) [RMP  47, 773 (1975); PRB 64, 045103 (2001)]

• Density matrix renormalization group (DMRG) [PRB 96, 085118 (2017)]

• Perturbation theory
• Iterative perturbation theory [PRB 49, 10181 (1994)]
• Noncrossing approximation [PRB 47, 3553 (1993)]
• Equation of motion [PRB 71, 085103 (2005)]



DMFT Equations for Bethe Lattice
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For standard lattice systems, the evaluation of the local Green’s function involving the 
summation over momentum 𝑘 or integral over the band density of states

𝐺BCD =%
?

1
𝑖𝜔= + 𝜀? − Σ

𝐺BCD = <𝑑𝜉
𝜌+(𝜉)

𝑖𝜔= + 𝜉 − Σ

Bethe lattice 𝜌+ 𝜉 =
1

2𝜋𝑡'
4𝑡' − 𝜉' 𝜉 ≤ 2𝑡

𝐺BCD(Λ) =
1
2𝑡' (Λ − 𝑠 Λ' − 4𝑡') Λ 𝑖𝜔= = 𝑖𝜔= + 𝜇 − Σ(𝑖𝜔=) 𝑠 = sgn[𝐼𝑚Λ]

Solve for Λ: Λ 𝑖𝜔= = 𝐺BCD18 i𝜔= + 𝑡'𝐺BCD(i𝜔=)

DMFT system of equations reduce to a single equation:
𝔊#$ 𝑖𝜔* = 𝑖𝜔* + 𝜇 − 𝑡C𝐺DEF(i𝜔*)



Spectral Function of the Hubbard Model in DMFT 
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Zhang, Rozenberg, Kotliar, PRL 70, 1666 (1993)

D=2t

𝐴 𝜔 = −
1
𝜋
Im𝐺(𝒌,𝜔)

Three-peak spectral 
structure



Spectral Function of the Hubbard Model in DMFT 
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Quasiparticle weight

U/t
2 4 6

Bulla, PRL 83, 136 (1999)

Bulla, PRB 64, 045103 (2001)

First-order phase 
transition



Phase Diagram of the Hubbard Model in DMFT 
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Kotliar, Science 302, 67 (2003)



Electronic band structure of 𝞭-Pu at T=0 K
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• Consistent band structure from 3 methods with correlation (with no magnetic long-range order)
• Correlation effect narrows the f-electron bands
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