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I. Introduction : Challenges in X-ray Spectra 

K-edge 
XANES

Small correction to 
atomic XAS – need
high accuracy &
huge energy range

“All of physics in a single experiment” …



BUT need to calibrate experiment with “Standard”

→ X-ray Microscope!

EXAFS

EXAFS Fourier Transform

Rnn

Shift ?

Cu

Shifted Radial Distribution

*Stern Sayers Lytle, UW 1971

EXAFS          → Local structure

Historical Interpretation of XAS 1971* 

XANES



???  Several many-body effects observed  in experiment
Mean free paths λk  ~ 5 – 20 Å

Vibrational Debye Waller factors                     e-2σ2k2

Shakeup reduction factor 𝑆଴ଶ
Need accurate scattering amplitudes 𝑓 ୤୤ 𝑘 phase shifts Φ௞and 
theory beyond independent electron approximation

ΣChallenge: Theory of EXAFS Equation* 

*D.E. Sayers, E.A.Stern and F.W. Lytle, Phys. Rev. Lett. 27, 1204 (1971)

Scattering picture of fine-structure in EXAFS  R



Exact Formal Theory:  Fermi’s golden rule ??? 

Need to calculate all many-body initial 𝑰  and final 𝑭
states and then sum over transition matrix elements 

Computationally prohibitive for large 𝝎~𝟏𝟎𝟑𝐞𝐕
Sum over states computational bottleneck!

𝜇 𝜔 ∼෍ 𝐼|𝐷|𝐹 ଶ𝛿(𝜔 + 𝐸ூ − 𝐸ி)ூி
Fermi golden rule for XAS |𝐹⟩𝐼𝜔 𝐷



Plane wave approximation for back-scattering
amplitude 𝑓 𝑘 FAILS

f 𝑘 ൌ ∑ 2𝑙 + 1 −1 ௟𝑒ఋ೗ sin 𝛿௟  ௟
Textbook plane wave scattering amplitudes in 
EXAFS  equation are inaccurate

Large phase shift corrections ~ 𝑒௜௟(௟ାଵ)/ଶ௞ோ
Need curved-wave scattering theory 𝑓 ୤୤

𝑓 ୤୤ 𝑘 ൌ෍ 2𝑙 + 1 −1 ௟  𝑒ఋ೗ sin 𝛿௟ 𝐶௟(𝑘𝑅) ௟

𝑓(𝑘)



DFT
FEFF
Expt

Ground state DFT 

DFT Real single-electron Hamiltonian ignores 
Mean-free-path, Inelastic losses and
Vibrational Debye-Waller factors 

Standard DFT Fails



”I always thought it was easier to  

measure XAS than to calculate it.”

Hans Bethe  
ca 1980



Ψ
G(E) ≡ ∑ |௙⟩⟨௙|ாିா೑ା௜ఋ ௙

Implicitly sums over final states 

Equivalent to Fermi golden rule

II Green’s Function Theory of XAS

Golden rule via Green’s Functions

  𝐸 ൌ 𝜔 + 𝐸௜ − 𝐸௙
𝜇 𝐸 ൌ Σ௙ 𝑖 𝜖̂ ⋅ 𝑟ᇱ 𝑓 𝑓 𝜖̂ ⋅ 𝑟|𝑖⟩𝛿(𝜔 + 𝐸௜ − 𝐸௙)

G(E)



cf. Wave function in QM      (H – E) Ψ = 0

Ψ(r)  = Amplitude to find particle at r

Green’s function   (H – E) G  = - δ(r-r′)

G(r,r′,E)      aka  Propagator

= Amplitude to propagate particle
from r to r’

- Im G  = -Im 1/(E-H+i δ) ~ density of states  𝜌(𝐸)

What’s a Green’s function?



Single and multiple scattering contributions R
Mean free paths λk  ~ 5 – 20 Å

Vibrational damping  e-2σ2k2

Curved wave scattering theory, E ~ 104 eV  l ~ 25  feff Φk

Dirac-Fock Atomic core levels
Core-hole lifetime Γ and core-hole potential Vc

Σꝶ for  EXAFS 

Theory must explain EXAFS formula   



Basis: Local site - angular momentum states  | i L 〉
Insert complete set of states

Matrix elements

Green’s Function 
Matrix at site i

S0
2

S0
2

L=(κ,μ)

Relativistic basis



FEFF: The Beginning

Asymptotic high energy curved wave single scattering theory

Effective Backscattering Amplitude 
Fixes errors in plane-wave approximation 

Breakthrough: Curved wave single scattering theory  feff

𝐺௖𝑡𝐺௖ ൌ Σ௅𝐺௅బ଴,௅ோ𝑡௅ோ𝐺௅ோ ,௅బ଴
~  ௙(గ,ோ)௞ோమ 𝑒ଶ௜௞ோ  ൌ fୣ୤୤R0



Dirac-Fock Atomic Properties   

*Automated Desclaux Dirac-Fock atomic code for all atoms in  

periodic table with arbitrary electron configurations

Spinor-relativistic theory with spin-orbit built in 

**Now includes all atoms   up to Z=138, some undiscovered 

*J.P. Desclaux,  At. Data. Nucl. Data. Tables  12, 311  (1973)
**Z. Zhou et al., At. Data. Nucl. Data. Tables 114, 262  (2017)



Self-energy and Mean free paths

DFT fails    𝑉௫௖→ 𝛴 𝐸       Complex electron self-energy

“Dynamically screened exchange -correlation potential”  
Standard approximation: Hedin-Lundqvist  GW 

plasmon pole model 

      𝛴 𝐸 ൌ i 𝐺 𝑊 ൌ i 𝐺𝑣/𝜖
12𝑝ଶ + 𝛴 𝐸 ൌ 𝐸, 𝑝 ൌ 𝑘 + 𝑖𝜆 𝜆 ൌ 𝑘/|Im 𝛴|
Explains short range nature  of EXAFS

𝑀𝐹𝑃  𝛌 ൌ 𝑘/|Im 𝜮(𝑬)|



EXAFS Debye Waller Factors 

Phys. Rev. B 20, 4908 (1979)979)

𝜎ଶ ൌ ⟨ 𝑢ோ − 𝑢଴ ⋅ 𝑅෠ ଶ⟩Mean square radial disorder  
𝑒ିଶఙమ௞మ  EXAFS DW Factor

e.g.: Correlated  Einstein model𝜎ଶ ൌ ℏெఠಶ coth (ఉℏఠಶଶ ) → ௞ಳ்఑
“EXAFS melts at high T”



JACS 113, 5136 (1991) 

Results: Accurate theoretical EXAFS phase shifts*

Explains distance shifts in EXAFS Fourier transforms

Eliminates need for empirical EXAFS standards



Results: Accurate single-scattering EXAFS

Eliminates need for empirical EXAFS standards
Single scattering EXAFS mostly solved !

Good agreement of FEFF with experiment 



Next challenge: Multiple Scattering Theory
Three key steps

1) Separate V(r) into local e.g. muffin-tin potentials𝑉 𝑟 = ∑𝑣ோ 𝑟
2) Calculate intra-atomic scattering to all orders, i.e.

on-site scattering 𝑡-matrices:                 𝑡ோ = 𝑣ோ + 𝑣ோ𝐺଴𝑡ோ = 𝑒௜ఋೃsin (𝛿ோ)
3) Express G in terms of 𝑡ோ and off site propagators𝐺ோோᇲ = 𝐺ோோᇲ 1 − 𝛿ோோᇲ



Real-space  Multiple scattering  Equations 

Dyson’s equation:

Iterating:

Atomic pot. 
partition

Site scatt. 
t-matrix

Large matrix dimensions of G and t at high energies



Cut diagrams 

Breakthrough: Separable Green’s function  Breakthrough: Separable Green’s function propagators  

Fast, accurate separable GF and high-order 
real-space multiple-scattering path expansion

Exact for single-scattering

ρ=kR



Curved wave multiple scattering amplitudes  feff

MS Path amplitude

Fast accurate  MS path approx. with 6x6 RA matrices

Effective scattering amplitude feff for any MS path  Γ
Explains multiple-scattering EXAFS equation 

t‹ 0 |

*J.J. Rehr and R.C. Albers, Phys. Rev. B 41, 8139 (1990)



RA Scattering-matrix theory

= EXAFS

Efficient Rehr-Albers    
scattering matrix
formulation

χ =      M  F    +   M  F1 F2 +  M F1 F2 F3 +  …

F1

M F +M

F1

M
Fine Structure   χ =

χ
μ = μ0 ( 1 + χ )

F2   +

F2

F3

RA   cut diagram expansion    6x6   F matrices



Anharmonic Debye Waller Factors  

𝑒ଶ௜௞ோ = exp ሾ∑ ஼೙ ଶ௜௞ ೙௡! ሿ௡ cumulants 𝐶௡ = 𝑅௡ ௖=  𝑒ଶ௜௞ (ோା஼భ) +𝑒ିଶ௞మ஼మ + 𝑒ି௜ସଷ ஼య௞య +  …𝐶ଶ = 𝜎ଶ   𝑀𝑆𝑅𝐷 ൏ Correlated Debye model*Cଵ = thermal expansion Relations between 𝐶௜𝐶ଷ = 3rd cumulant ~ distance contraction  ஼య஼భ஼మ ൎ 2
*E. Sevillano, H. Meuth and J.J.Rehr, Phys. Rev. B 20, 4908 (1979)



No peak shift!

Path Expansion 15 paths
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Phase  Corrected EXAFS Fourier Transform

Results:  Accurate EXAFS Fourier Transforms  



Green’s function G(E) Full multiple scattering

Screened core-hole Vc Excitonic effects

Self-energy Σ(E) Mean-free path, energy shifts   

Debye-Waller factors σ2 Thermal vibrations 

Accuate Fermi energy EF SCF electronic structure



Next Challenge: ꝶ for XANES 

G

Long MFP in XANES - need  MS Paths to all orders   



G: Full Multiple Scattering  equations

Total scatt.
matrix

Sum to all orders  by matrix  
inversion

XANES

Dimension: N*lmax
2 x N*lmax

2 lmax ≈  ka ≈ E(ryd)1/2

Only practical for E < ~100 eV  XANES



FEFF

III. Implementation Real space Green’s function* code  

*aka Real-space multiple-scattering  

General approach for XAS
EXAFS, XANES, etc.

J. J. Rehr & R.C. Albers

Rev. Mod. Phys. 72, 621 (2000)



JJR et al., Comptes Rendus
Physique 10, 548 (2009)

10 years later: Ab initio XAS Calculations*

Ab initio Green’s function theory 
with  SCF Electronic Structure

*Real-space multiple-scattering calculation and 
interpretation of x-ray-absorption near-edge structure

AL Ankudinov (LANL), B Ravel (NIST), JJ Rehr(UW), SD 
Conradson (LANL), Phys. Rev. B 58, 7565 (1998)

FEFF9
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Efficient GW approximation for
self-energy Σ & mean free path λ

Sum of plasmon-pole models 
matched to loss function
Improves on HL PP model

*J.J. Kas et. al, Phys Rev B 76, 195116 (2007)

LiF loss fn

- Im ε-1

Σ(E) = iGW = Σ′ - i Γ

Many-pole GW Self-energy  Σ(E)* 

DFT
𝜔௣



( ) ( )
{ }recursion Lanczos step6

22

−=
−= ii QDQ ωδωρ

*Phys. Rev.  B 76, 014301  (2007)

Ψ

Many pole model
for  phonons

*

VDOSD dynamical matrix <  ABINIT, VASP  
Improves on correlated Debye model 

e-2σ2k2

Ab initio Debye Waller factors 

DMDW



*J. J. Kas et al. J. Phys.: Conference Series 190, 012009  (2009)
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FEFF9

MgAl2O4

DFT Theory

Results:  Accurate ab initio XANES

Self-energy & DW factors fix DFT



Cu

Many-pole self energy 

Plasmon-pole self energy 

Results:  Accurate self energy in XANES



Cu  pDOS vs XANES and XES

XANES

XES
pDOS

Fermi energy EF Photoelectron energy E

Interpretation of XANES ~ Projected density of states  

LDOS emin emax eimag



S. R. Bare

Mn K-edge blue shifts with higher oxidation state

Mn (+2)Mn (+3)Mn (+4)

electronic charge 
on Mn

Interpretation: Oxidation state vs edge position



“Natural parallelization”

Each CPU does few energies

*Need MPI, multicore CPU
1/NCPU

Energy E
is a parameter !

Green’s Functions & Parallel Computations*



Interpretation of  EXAFS vs XANES 

Short MFP     λ ~ k/[Γ+| Im Σ |]
~ [ 5 – 20 ] Å

Long MFP

XANES        EXAFS  E-E0 > ωp~ 30 eV

FMS  Path expansion

LRO      SRO

(2002)

# Lanczos 𝐺଴𝑇 iterations 
explains crossover from 
XANES to EXAFS

ωp Onset of excitations
ωp

𝜔௣
Lanczos matrix inversion



Reciprocal Space XAS and EELS Calculations  

GaN red expt
Green  real space
Black   recip space

No core hole: KKR Equations

With core hole

Alternative Reciprocal space calculations of FMS XAS and 
EELS with Green’s functions transformed to k-space 𝐺(𝑘)



Other applications

RIXS COMPTON



And still others

Similar RSGF formalism also explains 

XES   - transitions to occupied states
NIXS  - transition operator 𝑒௜௤⋅௥
XMCD – spin dependent absorption
Optical Constants – dielectric properties
DAFS  - Fine structure in x-ray scattering
Two-photon Absorption – nonlinear abs
etc. 



V. Extensions Corvus Workflow Manager

Example:   Corvus workflow for Optical constants

CORVUS “Intelligent”  python workflow manager for complex calculations



Remaining Challenge: Inelastic losses in XAS - S0
2

S0
2 ~ 0.9

Observed fine structure  
smaller than QP theory

Theory over estimates XAS experiment



Inelastic losses and many-body effects  
in x-ray spectra

Remaining challenge: XAS in extreme conditions 

LCLS

Broad ranges of temperature & density



LiF: F K edge 

*J. Vinson et al. Phys. Rev. B83, 115106 (2011); K. Gilmore et al. CPC 197,109 (2015)

Exp

OCEAN

FEFF

Remaining challenge: Full potential & excitonic effects

Full-potential GW/BSE code



Automated real-space Green’s approach for             
x-ray spectra from the UV-VIS to hard x-rays

Implemented in ab initio FEFF10 codes

User-friendly for novice & expert users alike

Applicable to molecules, solids and  aperiodic 
systems throughout the periodic table 

AbSummary  & Conclusions  I
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Advances in Theoretical X-ray spectroscopy 

Talk:

Remaining Challenges in X-ray Theory: 
Many-body physics beyond the quasi-particle approximation: 𝑆଴ଶ Satellites, Correlated systems, Finite T & extreme conditions

Advances:  
Cumulant Green’s Function method
Multiplet + Cumulant
Finite T Two-photon absorption

Common theme: Cumulant Green’s functions



“You can judge the quality

of a many-body theory by

how it treats the satellites”

Lars Hedin    
ca 1994 



Inelastic losses and many-body effects  
in x-ray spectra

Recent Review & References 



I. Inelastic losses in XAS - S0
2

S0
2 ~ 0.9

Observed fine structure  
smaller than QP theory

QP Theory over estimates XAS experiment



Hedin suggestion: Add intrinsic inelastic losses 

S0
2 ~ 0.9



Satellites and 𝑆଴ଶ

Shake-up satellites in NiO XAS  

Many body reduction 
in edge peak S0

2

Ad hoc fix : Convolution
XPS ⊗ XAS

Observation: many-body amplitude reduction & satellites in XAS
are absent in quasiparticle theory  

XPS Excitation spectrum 
includes shake satellites 

Ni K-edge



Cumulant GF in time-domain factorizes   

Advance: Cumulant Green’s function theory   

Cumulant 𝐶 𝑡 includes many-body corrections to quasi-particle theory    
- builds in inelastic losses  S0

2 & satellites
Factorization explains ad hoc convolution formula of XAS of Colandra et al

Spectral function
Includes satellites & S0

2𝐴ሚ 𝜔,𝜔′ ൌ 𝐹𝑇 𝑒  ஼ሺ௧ሻ
~ XPS     

Quasi-particle XAS μqp
Includes core-hole Vc
Mean-free path  λ
DW  factor 𝒆ି𝟐𝝈𝟐𝒌𝟐

*J.J. Kas, J.J. Rehr and J.B.Curtis, Phys Rev B 94,034156 (2016)

𝐺௖ 𝑡 ≡ 𝐺௤௣ 𝑡 𝑒஼ ௧

Satellites

QP 



9

J. Phys: Condens. Matter 11, R489 (1999)

Reference: Cumulant Green’s function  approach   

aka Quasi-boson approximation



GW + Dyson vs Cumulant C(t)*

*Recent review and new derivation, 
J. Zhou et al.  J. Chem. Phys. 143, 184109  (2015).

G(ω) = G0+ G0 Σ G                 Gc(t) = G0 (t) eC(t)

ΣGW =iGW

No vertex   Γ = 1
All excitations in C(t)

Includes implicit vertex Γ
C(t) ~ |Im ΣGW | 

Cumulant GF alternative to Dyson Equation



Retarded Cumulant Green’s function in time domain

Cumulant Green’s Function Properties*

* L. Hedin, J. Phys.: Condens. Matter 11 R489 (1999)
J.J. Kas, J. J. Rehr, and L. Reining,  Phys. Rev. B 90, 085112 (2014)

Natural separation of QP, exchange, & correlation parts

Landau form of cumulant (1944) 

Sp
ec
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Theorem:* Cumulant representation of core-hole Green’s   
function is EXACT* for core electrons coupled to bosons

IDEA: Neutral excitations - plasmons, phonons, etc.
are bosons   

Physics:** GW approximation describes an electronic-polaron: 
electrons coupled to density fluctuations modeled as bosons

*D. C. Langreth, Phys. Rev. B 1, 471  (1970)
**B. I. Lundqvist, Phys. Kondens. Mater. 6 193 (1967)

Why does it work: Quasi-boson approximation



Spectral Function  A 𝜔 ൌ ׬ 𝑑𝜔 𝑒ି௜ఠ௧𝑒஼ ௧
Landau form of cumulant  𝐶 𝑡 ൌ ׬ 𝑑𝜔 𝛽 𝜔 ௘೔ഘ೟ି௜ఠ௧ ିଵఠమ          𝑒஼ ௧ ൎ 𝑍𝑒ି௜୼௧ ሾ1 ൅ ׬ 𝑑𝜔ᇱሾఉ ఠᇲఠᇲమ ሿ𝑒௜ఠᇱ௧ ൅ ⋯ ]

Spectral function  QP peak  + Satellites       𝐴 𝜔 ൌ  𝐹𝑇 𝑒஼ ௧ ൎ 𝑍𝛿 𝜔 − Δ ൅ 𝑍 ఉ ఠି୼ఠି୼ మ  ൅  …    
Satellites

QP 

Δ𝝎𝒑
Z

Renormalization constant Z ൌ 𝑒ି௔ ~ S0
2                𝑎 ൌ ׬  𝑑𝜔 ఉ ఠఠమ ൎ 0.2𝑟௦ଷ/ସ ൐ 0.2

Dimensionless measure of  correlation  
significant  even in weakly correlated materials

Manne-Aberg Theorem𝜔௣𝑎 ൌ 𝑍Δ



Langreth cumulant † in time-domain* 

TiO2

Calculation: Real-time Langreth cumulant† †

Charge-
transfer 
satellite

*J. J. Kas, F. D. Vila, J. J. Rehr, and S. A. Chambers, PRB 91, 121112(R) (2015)
†D.C. Langreth, PRB 1, 471 (1970) 

𝛽 𝜔 ൌ FT 𝛽ሺ𝑡ሻ
RT-TDDFT Density response to 
suddenly turned on core-hole

Excitation spectrum – cumulant kernel 

𝐶ሺ𝑡ሻ 𝐶 𝑡  



Theory vs XPS expt*

ωct

Results: Multiple-satellites in XPS*

QP

Satellites

TiO2

Spectral function Ac(ω)  = (1/π) |Im Gc(ω)| ~ XPS  Jk(E)
~ 

A(
E)

*J. J. Kas, F. D. Vila, J. J. Rehr, and S. A. Chambers, PRB 91, 121112(R) (2015)



Interpretation: CT satellites arise from charge transfer between  
ligand O-p and Ti -d at frequency  ~ ωCT due to core-hole 

Charge-transfer density fluctuations   

Real-space interpretation of satellites

TiO2

Δρ(r)

Δρ(r)



Low energy particle-hole excitations in cumulant
explain edge singularities in XPS and XAS

Excitation spectrum

Bonus: X-ray Edge Singularities in Metals

cf Doniach-Sunjic line-shape in XPS

fcc Al Asymmetric 
DS line shape

𝛽(𝜔) 𝐴(𝜔)



XPS  of C60

F. Fossard, K. Gilmore, G. Hug, J J. Kas, J J Rehr, E L Shirley and F D Vila

Phys Rev B 95,115112(2017)

Example: Bethe-Salpeter Eq + Cumulant* 

QP peak

Satellites

BSE (particle-hole GF) Improves on quasi-particle theory

XPS  of C60

*E. L. Shirley, J. Vinson, and K. Gilmore, The OCEAN suite: IUCr 2020 vol 1.

OCEAN 



Inelastic losses and many-body effects  
in x-ray spectra

Alternative:  Real-space Langreth Cumulant

Langreth cumulant in Momentum space*  Langreth cumulant in real space 

Dynamically screened core-hole potential W 
Langreth cumulant similar to XAS μ(𝜔)
but with 𝑊ୡ 𝒓,𝜔   replacing dipole d(r) 
Can calculate 𝐶 𝑡 with FEFF codes  

in parallel with QP XAS

TiO2

Excitation spectrum  𝛽(𝜔)

*D.C. Langreth, Phys Rev. B 1, 471 (1970)



Extension:  Particle-hole Cumulant GF

Includes intrinsic, extrinsic & interference effects on satellites
interference missing in single-particle Cumulant GF

Extrinsic  + Intrinsic − 2   x    Interference

   𝐴௄ 𝜔  particle-hole
spectral function

𝜇௄ 𝜔  Quasi-particle XAS 
from  final-state rule or BSE

*J.J. Kas, J.J. Rehr and J.B.Curtis, Phys Rev B 94,034156 (2016)



Satellite strengthsXAS of Al

Particle-hole cumulant explains cancellation of 
extrinsic and intrinsic losses at threshold 

AND  crossover:   adiabatic
to sudden approximation

Extrinsic, intrinsic and interference terms 

S0
2  = 1- total

Example: particle-hole cumulant in XAS



Multiple  Satellites
Quasiparticle peaks

Lucia Reining

Problems: GW has one broad satellite at the wrong place
Retarded cumulant has multiple satellites BUT intensity too small  

Si   XPS

Example: Multiple satellites in XPS of Si



Example: Cumulant GF for satellites in ARPES

PNAS 117, 28596 (2020)

Theory – with Intrinsic
Extrinsic, Interference
Expt

Al Al
Theory – with Intrinsic
Extrinsic, Interference
Expt



Question:  Can the particle-hole cumulant GF 
apply to correlated d- and f-electron systems ?

Hedin’s answer*     MAYBE

“Calculation similar  … not a question of principle, 
but of computational work...”

* L. Hedin, J. Phys.: Condens. Matter 11, R489 (1999) 

? Correlated systems ?



Example: XAS in f-electron systems 

=  Cext + Cint + Cinf

CeO2

f-electron system

Interference crucial to
spectral shape at edge  

Observe: strong correlation & interference in f-electron systems

Particle-hole cumulant yields improved agreement in XANES



Cumulant spectral function accounts for  long ranged charge-transfer 
satellites missing in LFMT with local atomic multiplet Hamiltonians  

Fe2O3

Ab initio theory: Slater-Condon   
parameters from FEFF10 + real-time 
cumulant spectral function C(t)  

Improved treatment of CT satellites, 
amplitudes, and tails of XPS

Extension: Multiplet + Cumulant 
Approach



Extension: EOM-CC for correlated molecular systems

Exact non-perturbative cumulant including non-linear terms 
from coupled 1st order differential equations  



III. High T and Extreme Conditions

Approach:  Cumulant Green’s function for excited
states, high 𝑻 thermodynamics, & x-ray spectra  

Ab initio alternative to FT-DFT1, RPIMC2, & dielectric methods3

Challenge: Theory of excited states at
T up to WDM T  ~ TF ~ 105 K

1FT DFT: N.D. Mermin, Phys. Rev. 137, 1 (1965);  V.V. Karasiev et al.  
Phys. Rev. Lett. 112, 076403 (2014)

2PIMC: E. W. Brown et al., Phys. Rev. Lett. 110, 146405 (2013); 
T. Dornheim et al; Phys. Rept. 744, 1 (2018)  

3Dielectric: T. Sjostrom & J. Dufty, Phys. Rev. B 88, 115123 (2013) 



Hi T Properties from Cumulant Green’s function   

Theory: Galitskii-Migdal-Koltun sum rules*

Example: density sum-rule*  n(μ,T) ≡ n  

Phys Rev Lett 109, 176403 (2017)

Ψ

Cumulant spectral function 
Fermi function 𝑓 𝜔 = 1/[𝑒ఉ ఠିఓ + 1]
*P. Martin & J. Schwinger, Phys. Rev. 115, (1959)

n(μ,T) ≡ μ(n,T)  



History: Martin & Schwinger 1959

A(p,ω)= |Im G(p,ω)|



Ingredients: Finite T GW Self-energy  ΣGW (ω,T) 

Bose & Fermi factors  

Screened Coulomb interaction W(q,ω)

Blue-shifted 
& broadened
plasmon peaks
at high 𝑇

Im 𝑊 𝑞,𝜔ᇱ ~𝜖 𝑞,𝜔,𝑇 FT RPA Dielectric function

FT GW Self-energy*

*P.B. Allen &  B. Mitrovic, Sol. St. Phys  37, 1  (1982).



Chemical potential  μ(T)  fixed by charge neutrality

Chemical potential & occupation numbers

Increasingly metallic behavior at high T

𝑛௞
QP Occupation number



Z

Retarded cumulant has good nk and Z, &
pretty good correlation energies compared to QMC

m
om

en
tu

m
 d

is
tri

bu
tio

n
n k

Electron-gas quasi-particle properties*



Finite-T Spectral-function 𝐴௞ 𝜔,𝑇
… GW-approx Single broad peaks

at high T above  𝑘ிk=0

Blurred QP peaks 
and satellites at 𝑘ி
Calculations 
simplify at high T  
- no sharp satellite 
structure 

𝐴௞ 𝜔,𝑇 = − ଵగ  Im  𝐺௞ 𝜔,𝑇



Finite T Chemical Potential* μ(n,T)

Chemical Potential μ(n,T)

“Continuum lowering ”  
edge-shifts to lower E

Cu-L XAS

T=0.13 TF

T=0. 

*Tun S. Tan et al. Phys Rev. B 104, 035104 (2021)



Bonus: Finite T DFT Exchange-correlation Potential vxc (T)

Finite T cumulant vxc (T) in good agreement with Finite T DFT* functionals○
*N.D. Mermin, Phys. Rev. 137, 1 (1965)
○ KSDT  V.V. Karasiev, T.Sjostrom, J. Duffy and S.B. Trickey, Phys. Rev. Lett. 112, 076403 (2014)

Retarded Cumulant (RC)  JJ Kas et al, Phys. Rev. B 100, 195144 (2019)

t=T/TF

WDM Nearly constant 
vxc (T)     T< .3TF

Smaller in WDM



FT Exchange-correlation energy and free energy  

PIMC

PIMC
FT cumulant

FT cumulant

fxc

εxc



Quasi-particle energies & damping

Δ′ decreases BUT      Damping Δ″ increases with T

Band gaps & band structure smeared out at high T
Cross-over to metallic - short-ranged plasma-like behavior 

Energy shift Δk Damping Δk″



Finite T Correlation Energy*

*RPIMC: W. Brown, D. Ceperley et al. Phys Rev Lett 110, 146405 (2014)
○ KSDT: V.V. Karasiev, et al, Phys. Rev. Lett. 112, 076403 (2014) 

εc = εxc - εx

Exchange-correlation crossover : Exchange disappears at high T
Weak temperature dependence  T < TF Correlation increases near TF

LARGE at T ~ TF

t=T/TF

WDM

WDM



Efficient static finite-T COHSEX Approximation

= poles of W + poles of  G

COHSEX
GW

● DFTCOHSEX accurate to ~ 10% r s
=

 1
   

   
2 

   
3 

 4



Corollary: Finite- T TDDFT kernel fxc (T)

FT-TDDFT fxc /rs
2

Needed for finite T optical spectra, inelastic losses



Example: Finite T XAS

Useful probe of  finite-T structure 
temperature and excitations

Large T-dependence in XAS 
edge-shifts, broadening, …

Cu L23 XAS



Finite-temperature Compton Profile*

*W. Schulke, G. Stutz, F.Wohlert, and A. Kaprolat, Phys. Rev. B 54, 14381 (1996)

Many-body effects  
give “effective temp”

T* correction

Suggested thermometer 
for WDM

Comparison of cumulant (solid)  & free electron (dotted) 



Example: Transient  XAS  of Warm Dense Matter

Transient Absorption of Warm Dense Matter Created 
by an X-ray Free-Electron Laser

Experiment:
L-edge XAS of Cu from ultra-short 15 fs, 932 eV   
XFEL X-ray pulses vs pulse intensity (red)  

Cross-over:  RSA  to  SA with increased intensity  

EU XFEL  ExptNature Physics 20, 1564-1569 (2024).



Transient  high fluence XAS theory vs expt

Theory*Experiment

RSMS Theory - A. Benediktovitch & J.J. Kas
Boltzmann equations simulations - B. Ziaja
FEFF10: J.J. Kas et al. PCCP  24, 13461 (2022)

Theory* 
SCF FEFF10 results averaged over 
Boltzmann weighted 3d * 
configurations vs pulse intensity

3d10
3d9
3d8
3d7
3d6

XAS vs 3d occupation

Cross-over:  RSA  to  SA with  increased intensity  



Example: Non-equilibrium Pump-Probe Expt

Electronic temperature Te (blue) vs  Lattice temperature Tl (red) for Cu 
For comparison Te (green) from Cho et al. PRL 106, 167601 (2011)
and Expt (black dashes).

Te - FT- FEFF  
- Cho et al.*

Expt

Tl

t ps

2-T Models: Electron 
and lattice T vs time



Last example: Non-resonant Two Photon Absorption* 

Kramers-Heisenberg Eq.

PRB 112, 045116 (2025)

*Ann. Phys. 18, 466 (1930)  DOI 10.1002/andp.200910358
Translation: Elementary processes with two quantum transitions



Independent electron Kramers-Heisenberg Equation

Green’s function Theory of TPA*

 𝑀௜௙ 𝜔 = 𝑓 𝑑 𝐺௟ୀଵ 𝜔 + 𝜖ଵ௦ 𝑑 𝑖  𝑑 𝐺௟ୀଵ𝑑 ൎ − 𝑸ఠ Effective static TPA quadrupole op.  

Calculation of TPA similar to OPA with dipole operator 
d replaced by Q in FEFF calculation  

*J. J. Kas et al.  Phys. Rev. B 112, 045116 (2025)



Real-space Green’s Function TPA Calculations*

Q
d2

BSE

Quantitative agreement with XFEL TPA experiment
& Bethe Salpeter Equation TPA calculations

XFEL effects 
modeled by 
depleted d-band 
occupation 𝑔(𝜖)
& well screened

core-hole  

No-hole approximation

𝜖ி
*J. J. Kas et al. Phys. Rev. B 112, 045116 (2025)



Summary and Conclusions   

- Advances in theory based on Cumulant GF explain several  
many body effects  ~ 10-20% corrections to quasiparticle theory

- Convolution formula for XAS explains satellites, inelastic 
losses & long-range corrections to atomic multiplet theory

- Extensions & codes for satellites, multiplets & finite-T, 
extreme conditions all based on  cumulant GF 
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