
ORNL is managed by UT-Battelle LLC for the US Department of Energy

Thomas A. Maier (ORNL), 06.22.2026

Dynamic Cluster Approximation 
LANL Summer School Lecture



Outline

Quantum Embedding 

Corrections to Weiss Mean Field Theory – A Pedagogical Example 

Dynamic Cluster Approximation 

Quantum Monte Carlo Cluster Solver 

Symmetry Broken Phases 

Current State of the Art 

Future Directions



The Takeaway Message

Quantum Embedding



Brief History

1989 – Dynamical Mean Field Theory (DMFT) 
– Metzner & Vollhardt, Müller-Hartmann 

1998 - 2000 – Dynamical Cluster Approximation (DCA) 
– Jarrell et al. 

2001 – Cellular DMFT 
– Kotliar et al. 

2000 – Cluster perturbation theory 
– Sénéchal et al., Gros & Valenti ‘93



DCA + related References

Original DCA papers 
– Hettler, Tahvildar-Zadeh, Jarrell, Pruschke, Krishnamurthy, Phys. Rev. B 58, R747 (1998) 
– Hettler, M. Mukherjee, Jarrell, Krishnamurthy, Phys. Rev. B 61, 12739 (2000) 

Review paper (DCA, CDMFT, CPT) 
– TAM, Jarrell, Pruschke, Hettler, Rev. Mod. Phys. 77, 1027 (2005) 

Continuous time QMC cluster/impurity solvers 
– Gull, Millis, Liechtenstein, Rubtsov, Troyer, Werner, Rev. Mod. Phys. 83, 349 (2011)



A Pedagogical Example

Corrections to Weiss Mean Field Theory

One dimensional Ising model 

Intra- and inter-cluster 

Locator expansion for  

Superlattice Fourier-transform 

For single-site cluster this recovers standard Weiss mean-field theory 

χij = β(⟨σiσj⟩ − ⟨σi⟩⟨σj⟩)

compared to finite-size simulations. Whereas this meth-
odology was developed for correlated electronic sys-
tems, and has significant limitations when applied to spin
systems, this simple example will illustrate the qualita-
tive features of the method in an exactly solvable model,
the one-dimensional Ising model,

H = − J!
i

!i!i+1 − h!
i

!i, "1#

where !i= ±1 are Ising spins, h is an external magnetic
field, and the exchange integral J"0 acts between near-
est neighbors only, favoring ferromagnetism. The gener-
alization of this approach to higher dimensions and
quantum spin systems is straightforward.

We start by dividing the infinite lattice into N /Nc clus-
ters of size Nc "see Fig. 3 in Sec. II.A# with origin x̃ and
the exchange integral Jij into intracluster "Jc# and inter-
cluster "#J# parts,

J"x̃i − x̃j# = Jc#x̃i,x̃j
+ #J"x̃i − x̃j# , "2#

where each of the terms is a matrix in the Nc cluster
sites. The central approximation of cluster theories is to
retain correlation effects within the cluster and neglect
them between the clusters. A natural formalism to
implement this approximation is the locator expansion.
The spin susceptibility $ij=%"$!i!j%− $!i%$!j%#, where %
=1/T is the inverse temperature, can be approximated
in a locator expansion in the intercluster part #J of the
exchange interaction

!"x̃i − x̃j# = !o#x̃i,x̃j
+ !o!

l
#J"x̃i − x̃l#!"x̃l − x̃j# , "3#

where we used again a matrix notation in the Nc cluster
sites. In general !o is the susceptibility of an embedded
cluster. Here, for illustration purposes, we use the sim-
pler approximation to take !o to be the susceptibility of
an isolated cluster, i.e., !o=!"#J=0#. By using the trans-
lational invariance of quantities in the superlattice x̃, this
expression can be simplified in the reciprocal space q̃ of
x̃ to

!"q̃# = !o + !o#J"q̃#!"q̃# . "4#

This locator expansion has two well-defined limits. For
an infinite-size cluster it recovers the exact result, since
the surface to volume ratio vanishes, making #J irrel-
evant, and thus !=!o. For a single site cluster, Nc=1, it
recovers the Weiss mean-field theory. This is intuitively
clear since for Nc=1, fluctuations between all sites are
neglected. With the susceptibility of a single isolated site
$o=1/T and #J"q̃=0#=J"q=0#=J, we obtain for the uni-
form susceptibility

$"q = 0# =
1

1/$o − J"q = 0#
=

1
T − Tc

"5#

the mean-field result with critical temperature Tc=J.
For cluster sizes larger than one, translational symme-

try within the cluster is violated since the clusters have
open boundary conditions and #J only couples sites on

the surface of the clusters. As detailed in the next sec-
tion, this shortcoming can be formally overcome and
translational invariance restored by considering an
analogous expression to the locator expansion "4# in the
Fourier space Q of the cluster,

$"Q,q̃# = $o"Q# + $o"Q##J"Q,q̃#$"Q,q̃#

=
1

1/$o"Q# − #J"Q,q̃#
, "6#

with analogous relations for the intracluster and inter-
cluster parts of J,

#J"Q,q̃# = J"Q + q̃# − J̄"Q# , "7#

J̄"Q# =
Nc

N !
q̃

J"Q + q̃# . "8#

Here, q̃ is a vector in the reciprocal space of x̃, and Q is
a vector in the reciprocal space of the cluster sites. The
Fourier transform of the exchange integral is given by
J"Q+ q̃#=J cos"Q+ q̃#, the intracluster exchange is J̄"Q#,
while the intercluster exchange is #J"Q , q̃#. As we shall
see in the next section, the resulting formalism is analo-
gous to the dynamical cluster approximation for itiner-
ant fermion systems.

In analogy to the Weiss theory, the lattice system can
now be mapped onto an effective cluster model embed-
ded in a mean field, since correlations between the clus-
ters are neglected. The susceptibility restricted to cluster
sites is obtained by averaging or coarse graining over the
superlattice wave vectors q̃,

$̄"Q# =
Nc

N !
q̃

$"Q,q̃# =
1

1/$o"Q# − &"Q#
, "9#

with the hybridization function

&"Q# =

Nc

N !
q̃

#J2"Q,q̃#$"Q,q̃#

1 +
Nc

N !
q̃

#J"Q,q̃#$"Q,q̃#
. "10#

This follows from the fact that the isolated cluster sus-
ceptibility $o"Q# does not depend on the integration
variable q̃ in Eq. "9#.

This expression defines the effective cluster model

Hc = − !
Q

J̄"Q#!"Q#!"− Q# − h!"Q = 0#

− !
Q,q̃

#J"Q,q̃#!"Q#$!"− Q − q̃#% , "11#

where !"Q# &!"q#' denotes the cluster "lattice# Fourier
transform of !i and $¯% the expectation value calculated
with respect to the cluster Hamiltonian Hc. As in the
Weiss theory, the cluster model is used to self-
consistently determine the order parameter $!"Q+ q̃#%
= $!"Q#%#"q̃# in the ferromagnetic state.
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now be mapped onto an effective cluster model embed-
ded in a mean field, since correlations between the clus-
ters are neglected. The susceptibility restricted to cluster
sites is obtained by averaging or coarse graining over the
superlattice wave vectors q̃,

$̄"Q# =
Nc

N !
q̃

$"Q,q̃# =
1

1/$o"Q# − &"Q#
, "9#

with the hybridization function

&"Q# =

Nc

N !
q̃

#J2"Q,q̃#$"Q,q̃#

1 +
Nc

N !
q̃

#J"Q,q̃#$"Q,q̃#
. "10#

This follows from the fact that the isolated cluster sus-
ceptibility $o"Q# does not depend on the integration
variable q̃ in Eq. "9#.

This expression defines the effective cluster model

Hc = − !
Q

J̄"Q#!"Q#!"− Q# − h!"Q = 0#

− !
Q,q̃

#J"Q,q̃#!"Q#$!"− Q − q̃#% , "11#

where !"Q# &!"q#' denotes the cluster "lattice# Fourier
transform of !i and $¯% the expectation value calculated
with respect to the cluster Hamiltonian Hc. As in the
Weiss theory, the cluster model is used to self-
consistently determine the order parameter $!"Q+ q̃#%
= $!"Q#%#"q̃# in the ferromagnetic state.
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compared to finite-size simulations. Whereas this meth-
odology was developed for correlated electronic sys-
tems, and has significant limitations when applied to spin
systems, this simple example will illustrate the qualita-
tive features of the method in an exactly solvable model,
the one-dimensional Ising model,

H = − J!
i

!i!i+1 − h!
i

!i, "1#

where !i= ±1 are Ising spins, h is an external magnetic
field, and the exchange integral J"0 acts between near-
est neighbors only, favoring ferromagnetism. The gener-
alization of this approach to higher dimensions and
quantum spin systems is straightforward.

We start by dividing the infinite lattice into N /Nc clus-
ters of size Nc "see Fig. 3 in Sec. II.A# with origin x̃ and
the exchange integral Jij into intracluster "Jc# and inter-
cluster "#J# parts,

J"x̃i − x̃j# = Jc#x̃i,x̃j
+ #J"x̃i − x̃j# , "2#

where each of the terms is a matrix in the Nc cluster
sites. The central approximation of cluster theories is to
retain correlation effects within the cluster and neglect
them between the clusters. A natural formalism to
implement this approximation is the locator expansion.
The spin susceptibility $ij=%"$!i!j%− $!i%$!j%#, where %
=1/T is the inverse temperature, can be approximated
in a locator expansion in the intercluster part #J of the
exchange interaction

!"x̃i − x̃j# = !o#x̃i,x̃j
+ !o!

l
#J"x̃i − x̃l#!"x̃l − x̃j# , "3#

where we used again a matrix notation in the Nc cluster
sites. In general !o is the susceptibility of an embedded
cluster. Here, for illustration purposes, we use the sim-
pler approximation to take !o to be the susceptibility of
an isolated cluster, i.e., !o=!"#J=0#. By using the trans-
lational invariance of quantities in the superlattice x̃, this
expression can be simplified in the reciprocal space q̃ of
x̃ to

!"q̃# = !o + !o#J"q̃#!"q̃# . "4#

This locator expansion has two well-defined limits. For
an infinite-size cluster it recovers the exact result, since
the surface to volume ratio vanishes, making #J irrel-
evant, and thus !=!o. For a single site cluster, Nc=1, it
recovers the Weiss mean-field theory. This is intuitively
clear since for Nc=1, fluctuations between all sites are
neglected. With the susceptibility of a single isolated site
$o=1/T and #J"q̃=0#=J"q=0#=J, we obtain for the uni-
form susceptibility

$"q = 0# =
1

1/$o − J"q = 0#
=

1
T − Tc

"5#

the mean-field result with critical temperature Tc=J.
For cluster sizes larger than one, translational symme-

try within the cluster is violated since the clusters have
open boundary conditions and #J only couples sites on

the surface of the clusters. As detailed in the next sec-
tion, this shortcoming can be formally overcome and
translational invariance restored by considering an
analogous expression to the locator expansion "4# in the
Fourier space Q of the cluster,

$"Q,q̃# = $o"Q# + $o"Q##J"Q,q̃#$"Q,q̃#

=
1

1/$o"Q# − #J"Q,q̃#
, "6#

with analogous relations for the intracluster and inter-
cluster parts of J,

#J"Q,q̃# = J"Q + q̃# − J̄"Q# , "7#

J̄"Q# =
Nc

N !
q̃

J"Q + q̃# . "8#

Here, q̃ is a vector in the reciprocal space of x̃, and Q is
a vector in the reciprocal space of the cluster sites. The
Fourier transform of the exchange integral is given by
J"Q+ q̃#=J cos"Q+ q̃#, the intracluster exchange is J̄"Q#,
while the intercluster exchange is #J"Q , q̃#. As we shall
see in the next section, the resulting formalism is analo-
gous to the dynamical cluster approximation for itiner-
ant fermion systems.

In analogy to the Weiss theory, the lattice system can
now be mapped onto an effective cluster model embed-
ded in a mean field, since correlations between the clus-
ters are neglected. The susceptibility restricted to cluster
sites is obtained by averaging or coarse graining over the
superlattice wave vectors q̃,

$̄"Q# =
Nc

N !
q̃

$"Q,q̃# =
1

1/$o"Q# − &"Q#
, "9#

with the hybridization function

&"Q# =

Nc

N !
q̃

#J2"Q,q̃#$"Q,q̃#

1 +
Nc

N !
q̃

#J"Q,q̃#$"Q,q̃#
. "10#

This follows from the fact that the isolated cluster sus-
ceptibility $o"Q# does not depend on the integration
variable q̃ in Eq. "9#.

This expression defines the effective cluster model

Hc = − !
Q

J̄"Q#!"Q#!"− Q# − h!"Q = 0#

− !
Q,q̃

#J"Q,q̃#!"Q#$!"− Q − q̃#% , "11#

where !"Q# &!"q#' denotes the cluster "lattice# Fourier
transform of !i and $¯% the expectation value calculated
with respect to the cluster Hamiltonian Hc. As in the
Weiss theory, the cluster model is used to self-
consistently determine the order parameter $!"Q+ q̃#%
= $!"Q#%#"q̃# in the ferromagnetic state.
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x=X+ x̃. The points x̃ form a superlattice with a recip-
rocal space labeled by k̃. The reciprocal space corre-
sponding to the sites X within a cluster shall be labeled
K, with K!=n!!2" /Lc" and integer n!. Then the wave
vectors in the full Brillouin zone are given by k=K+ k̃.

With these conventions, the Fourier transforms of a
given function f!X , x̃" for intracluster and intercluster
coordinates are defined as

f!X, x̃" =
Nc

N #
k̃

eik̃·x̃f!X,k̃" , !21"

f!X,k̃" = #
x̃

e−ik̃·x̃f!X, x̃" , !22"

f!X,k̃" =
1

Nc
#
K

ei!K+k̃"·Xf!K,k̃" , !23"

f!K,k̃" = #
X

e−i!K+k̃"·Xf!X,k̃" . !24"

To separate out the cluster degrees of freedom, the
hopping amplitude t and the self-energy # !defined from
the Green’s function via the Dyson equation G−1=G0

−1

−# with the noninteracting Green’s function G0" are
split into intracluster and intercluster parts,

t!x̃i − x̃j" = tc$x̃i,x̃j
+ $t!x̃i − x̃j" , !25"

!!x̃i − x̃j,z" = !c!z"$x̃i,x̃j
+ $!!x̃i − x̃j,z" . !26"

All the quantities are Nc%Nc matrices in the cluster
sites, tc= t!x̃=0" and !c!z"=!!x̃=0,z" are the intracluster
hopping and self-energy, while $t!x̃" and $!!x̃ ,z" are the
corresponding intercluster quantities which are only fi-
nite for x̃!0.

1. Cluster perturbation theory and cellular dynamical
mean-field theory

With these definitions we write the Green’s function
using a locator expansion, an expansion in $t and $!

around the cluster limit. In matrix notation in the Nc
cluster sites it reads

G!x̃i − x̃j,z" = g!z"$x̃ix̃j
+ g!z"#

l
$$t!x̃i − x̃l"

+ $!!x̃i − x̃l,z"%G!x̃l − x̃j,z" , !27"

where the Nc%Nc matrix

g!z" = $!z + &"1 − tc − !c!z"%−1 !28"

is the Green’s function of the cluster decoupled from the
remainder of the system !& is the chemical potential".
Since translational invariance in the superlattice x̃ is pre-
served, this expression may be simplified by Fourier
transforming the intercluster coordinates to give

G!k̃,z" = g!z" + g!z"$$t!k̃" + $!!k̃,z"%G!k̃,z" . !29"

The central approximation that unites all cluster for-
malisms is to truncate the self-energy to the cluster by
neglecting $! to arrive at

G!k̃,z" = g!z" + g!z"$t!k̃"G!k̃,z" = $g−1!z" − $t!k̃"%−1.

!30"

As we discuss in Sec. II.D.1, this approximation corre-
sponds to truncating the potential energy to the cluster.

The remaining self-energy term !c!z" implicitly con-
tained in the propagator g!z" in Eq. !30" is restricted to
the cluster degrees of freedom. Hence it can be calcu-
lated nonperturbatively in an effective cluster model as
a functional !c!z"=F$Ḡ!z"%, where

Ḡ!z" =
Nc

N #
k̃

G!k̃,z" !31"

is the k̃-averaged or coarse-grained G!k̃ ,z", i.e., the
Green’s function restricted to the cluster. As discussed in
the next section this approximation is consistent with
neglecting intercluster momentum conservation, i.e., ne-
glecting the phase factors eik̃·x̃ on the vertices of the self-
energy diagrams.

Using the expression !30" for the lattice Green’s func-
tion and the fact that g!z" does not depend on k̃, the
coarse-grained Green’s function Ḡ can be written as

Ḡ!z" = $g−1!z" − "!z"%−1, !32"

with a hybridization function " defined by

"!z" = &1 +
Nc

N #
k̃

$t!k̃"G!k̃,z"'−1

% &Nc

N #
k̃

$t!k̃"G!k̃,z"$t!k̃"' . !33"

Its physical content is that of an effective amplitude for
fermionic hopping processes from the cluster into the
host and back again into the cluster. The denominator in
Eq. !33" is a correction that excludes the cluster from the
effective medium. "!z" thus plays an analogous role to

FIG. 3. !Color in online edition" Definition of the coordinates
in real !left" and reciprocal !right" space illustrated for Nc=4
site clusters. The origin of a cluster is labeled by x̃, the sites
within a cluster by X. The reciprocal space to X is labeled by
K, the wave vectors of the superlattice, i.e., within a cell, by k̃.
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compared to finite-size simulations. Whereas this meth-
odology was developed for correlated electronic sys-
tems, and has significant limitations when applied to spin
systems, this simple example will illustrate the qualita-
tive features of the method in an exactly solvable model,
the one-dimensional Ising model,

H = − J!
i

!i!i+1 − h!
i

!i, "1#

where !i= ±1 are Ising spins, h is an external magnetic
field, and the exchange integral J"0 acts between near-
est neighbors only, favoring ferromagnetism. The gener-
alization of this approach to higher dimensions and
quantum spin systems is straightforward.

We start by dividing the infinite lattice into N /Nc clus-
ters of size Nc "see Fig. 3 in Sec. II.A# with origin x̃ and
the exchange integral Jij into intracluster "Jc# and inter-
cluster "#J# parts,

J"x̃i − x̃j# = Jc#x̃i,x̃j
+ #J"x̃i − x̃j# , "2#

where each of the terms is a matrix in the Nc cluster
sites. The central approximation of cluster theories is to
retain correlation effects within the cluster and neglect
them between the clusters. A natural formalism to
implement this approximation is the locator expansion.
The spin susceptibility $ij=%"$!i!j%− $!i%$!j%#, where %
=1/T is the inverse temperature, can be approximated
in a locator expansion in the intercluster part #J of the
exchange interaction

!"x̃i − x̃j# = !o#x̃i,x̃j
+ !o!

l
#J"x̃i − x̃l#!"x̃l − x̃j# , "3#

where we used again a matrix notation in the Nc cluster
sites. In general !o is the susceptibility of an embedded
cluster. Here, for illustration purposes, we use the sim-
pler approximation to take !o to be the susceptibility of
an isolated cluster, i.e., !o=!"#J=0#. By using the trans-
lational invariance of quantities in the superlattice x̃, this
expression can be simplified in the reciprocal space q̃ of
x̃ to

!"q̃# = !o + !o#J"q̃#!"q̃# . "4#

This locator expansion has two well-defined limits. For
an infinite-size cluster it recovers the exact result, since
the surface to volume ratio vanishes, making #J irrel-
evant, and thus !=!o. For a single site cluster, Nc=1, it
recovers the Weiss mean-field theory. This is intuitively
clear since for Nc=1, fluctuations between all sites are
neglected. With the susceptibility of a single isolated site
$o=1/T and #J"q̃=0#=J"q=0#=J, we obtain for the uni-
form susceptibility

$"q = 0# =
1

1/$o − J"q = 0#
=

1
T − Tc

"5#

the mean-field result with critical temperature Tc=J.
For cluster sizes larger than one, translational symme-

try within the cluster is violated since the clusters have
open boundary conditions and #J only couples sites on

the surface of the clusters. As detailed in the next sec-
tion, this shortcoming can be formally overcome and
translational invariance restored by considering an
analogous expression to the locator expansion "4# in the
Fourier space Q of the cluster,

$"Q,q̃# = $o"Q# + $o"Q##J"Q,q̃#$"Q,q̃#

=
1

1/$o"Q# − #J"Q,q̃#
, "6#

with analogous relations for the intracluster and inter-
cluster parts of J,

#J"Q,q̃# = J"Q + q̃# − J̄"Q# , "7#

J̄"Q# =
Nc

N !
q̃

J"Q + q̃# . "8#

Here, q̃ is a vector in the reciprocal space of x̃, and Q is
a vector in the reciprocal space of the cluster sites. The
Fourier transform of the exchange integral is given by
J"Q+ q̃#=J cos"Q+ q̃#, the intracluster exchange is J̄"Q#,
while the intercluster exchange is #J"Q , q̃#. As we shall
see in the next section, the resulting formalism is analo-
gous to the dynamical cluster approximation for itiner-
ant fermion systems.

In analogy to the Weiss theory, the lattice system can
now be mapped onto an effective cluster model embed-
ded in a mean field, since correlations between the clus-
ters are neglected. The susceptibility restricted to cluster
sites is obtained by averaging or coarse graining over the
superlattice wave vectors q̃,

$̄"Q# =
Nc

N !
q̃

$"Q,q̃# =
1

1/$o"Q# − &"Q#
, "9#

with the hybridization function

&"Q# =

Nc

N !
q̃

#J2"Q,q̃#$"Q,q̃#

1 +
Nc

N !
q̃

#J"Q,q̃#$"Q,q̃#
. "10#

This follows from the fact that the isolated cluster sus-
ceptibility $o"Q# does not depend on the integration
variable q̃ in Eq. "9#.

This expression defines the effective cluster model

Hc = − !
Q

J̄"Q#!"Q#!"− Q# − h!"Q = 0#

− !
Q,q̃

#J"Q,q̃#!"Q#$!"− Q − q̃#% , "11#

where !"Q# &!"q#' denotes the cluster "lattice# Fourier
transform of !i and $¯% the expectation value calculated
with respect to the cluster Hamiltonian Hc. As in the
Weiss theory, the cluster model is used to self-
consistently determine the order parameter $!"Q+ q̃#%
= $!"Q#%#"q̃# in the ferromagnetic state.
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compared to finite-size simulations. Whereas this meth-
odology was developed for correlated electronic sys-
tems, and has significant limitations when applied to spin
systems, this simple example will illustrate the qualita-
tive features of the method in an exactly solvable model,
the one-dimensional Ising model,

H = − J!
i

!i!i+1 − h!
i

!i, "1#

where !i= ±1 are Ising spins, h is an external magnetic
field, and the exchange integral J"0 acts between near-
est neighbors only, favoring ferromagnetism. The gener-
alization of this approach to higher dimensions and
quantum spin systems is straightforward.

We start by dividing the infinite lattice into N /Nc clus-
ters of size Nc "see Fig. 3 in Sec. II.A# with origin x̃ and
the exchange integral Jij into intracluster "Jc# and inter-
cluster "#J# parts,

J"x̃i − x̃j# = Jc#x̃i,x̃j
+ #J"x̃i − x̃j# , "2#

where each of the terms is a matrix in the Nc cluster
sites. The central approximation of cluster theories is to
retain correlation effects within the cluster and neglect
them between the clusters. A natural formalism to
implement this approximation is the locator expansion.
The spin susceptibility $ij=%"$!i!j%− $!i%$!j%#, where %
=1/T is the inverse temperature, can be approximated
in a locator expansion in the intercluster part #J of the
exchange interaction

!"x̃i − x̃j# = !o#x̃i,x̃j
+ !o!

l
#J"x̃i − x̃l#!"x̃l − x̃j# , "3#

where we used again a matrix notation in the Nc cluster
sites. In general !o is the susceptibility of an embedded
cluster. Here, for illustration purposes, we use the sim-
pler approximation to take !o to be the susceptibility of
an isolated cluster, i.e., !o=!"#J=0#. By using the trans-
lational invariance of quantities in the superlattice x̃, this
expression can be simplified in the reciprocal space q̃ of
x̃ to

!"q̃# = !o + !o#J"q̃#!"q̃# . "4#

This locator expansion has two well-defined limits. For
an infinite-size cluster it recovers the exact result, since
the surface to volume ratio vanishes, making #J irrel-
evant, and thus !=!o. For a single site cluster, Nc=1, it
recovers the Weiss mean-field theory. This is intuitively
clear since for Nc=1, fluctuations between all sites are
neglected. With the susceptibility of a single isolated site
$o=1/T and #J"q̃=0#=J"q=0#=J, we obtain for the uni-
form susceptibility

$"q = 0# =
1

1/$o − J"q = 0#
=

1
T − Tc

"5#

the mean-field result with critical temperature Tc=J.
For cluster sizes larger than one, translational symme-

try within the cluster is violated since the clusters have
open boundary conditions and #J only couples sites on

the surface of the clusters. As detailed in the next sec-
tion, this shortcoming can be formally overcome and
translational invariance restored by considering an
analogous expression to the locator expansion "4# in the
Fourier space Q of the cluster,

$"Q,q̃# = $o"Q# + $o"Q##J"Q,q̃#$"Q,q̃#

=
1

1/$o"Q# − #J"Q,q̃#
, "6#

with analogous relations for the intracluster and inter-
cluster parts of J,

#J"Q,q̃# = J"Q + q̃# − J̄"Q# , "7#

J̄"Q# =
Nc

N !
q̃

J"Q + q̃# . "8#

Here, q̃ is a vector in the reciprocal space of x̃, and Q is
a vector in the reciprocal space of the cluster sites. The
Fourier transform of the exchange integral is given by
J"Q+ q̃#=J cos"Q+ q̃#, the intracluster exchange is J̄"Q#,
while the intercluster exchange is #J"Q , q̃#. As we shall
see in the next section, the resulting formalism is analo-
gous to the dynamical cluster approximation for itiner-
ant fermion systems.

In analogy to the Weiss theory, the lattice system can
now be mapped onto an effective cluster model embed-
ded in a mean field, since correlations between the clus-
ters are neglected. The susceptibility restricted to cluster
sites is obtained by averaging or coarse graining over the
superlattice wave vectors q̃,

$̄"Q# =
Nc

N !
q̃

$"Q,q̃# =
1

1/$o"Q# − &"Q#
, "9#

with the hybridization function

&"Q# =

Nc

N !
q̃

#J2"Q,q̃#$"Q,q̃#

1 +
Nc

N !
q̃

#J"Q,q̃#$"Q,q̃#
. "10#

This follows from the fact that the isolated cluster sus-
ceptibility $o"Q# does not depend on the integration
variable q̃ in Eq. "9#.

This expression defines the effective cluster model

Hc = − !
Q

J̄"Q#!"Q#!"− Q# − h!"Q = 0#

− !
Q,q̃

#J"Q,q̃#!"Q#$!"− Q − q̃#% , "11#

where !"Q# &!"q#' denotes the cluster "lattice# Fourier
transform of !i and $¯% the expectation value calculated
with respect to the cluster Hamiltonian Hc. As in the
Weiss theory, the cluster model is used to self-
consistently determine the order parameter $!"Q+ q̃#%
= $!"Q#%#"q̃# in the ferromagnetic state.
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Corrections to Weiss Mean Field Theory
A Pedagogical Examplecompared to finite-size simulations. Whereas this meth-

odology was developed for correlated electronic sys-
tems, and has significant limitations when applied to spin
systems, this simple example will illustrate the qualita-
tive features of the method in an exactly solvable model,
the one-dimensional Ising model,

H = − J!
i

!i!i+1 − h!
i

!i, "1#

where !i= ±1 are Ising spins, h is an external magnetic
field, and the exchange integral J"0 acts between near-
est neighbors only, favoring ferromagnetism. The gener-
alization of this approach to higher dimensions and
quantum spin systems is straightforward.

We start by dividing the infinite lattice into N /Nc clus-
ters of size Nc "see Fig. 3 in Sec. II.A# with origin x̃ and
the exchange integral Jij into intracluster "Jc# and inter-
cluster "#J# parts,

J"x̃i − x̃j# = Jc#x̃i,x̃j
+ #J"x̃i − x̃j# , "2#

where each of the terms is a matrix in the Nc cluster
sites. The central approximation of cluster theories is to
retain correlation effects within the cluster and neglect
them between the clusters. A natural formalism to
implement this approximation is the locator expansion.
The spin susceptibility $ij=%"$!i!j%− $!i%$!j%#, where %
=1/T is the inverse temperature, can be approximated
in a locator expansion in the intercluster part #J of the
exchange interaction

!"x̃i − x̃j# = !o#x̃i,x̃j
+ !o!

l
#J"x̃i − x̃l#!"x̃l − x̃j# , "3#

where we used again a matrix notation in the Nc cluster
sites. In general !o is the susceptibility of an embedded
cluster. Here, for illustration purposes, we use the sim-
pler approximation to take !o to be the susceptibility of
an isolated cluster, i.e., !o=!"#J=0#. By using the trans-
lational invariance of quantities in the superlattice x̃, this
expression can be simplified in the reciprocal space q̃ of
x̃ to

!"q̃# = !o + !o#J"q̃#!"q̃# . "4#

This locator expansion has two well-defined limits. For
an infinite-size cluster it recovers the exact result, since
the surface to volume ratio vanishes, making #J irrel-
evant, and thus !=!o. For a single site cluster, Nc=1, it
recovers the Weiss mean-field theory. This is intuitively
clear since for Nc=1, fluctuations between all sites are
neglected. With the susceptibility of a single isolated site
$o=1/T and #J"q̃=0#=J"q=0#=J, we obtain for the uni-
form susceptibility

$"q = 0# =
1

1/$o − J"q = 0#
=

1
T − Tc

"5#

the mean-field result with critical temperature Tc=J.
For cluster sizes larger than one, translational symme-

try within the cluster is violated since the clusters have
open boundary conditions and #J only couples sites on

the surface of the clusters. As detailed in the next sec-
tion, this shortcoming can be formally overcome and
translational invariance restored by considering an
analogous expression to the locator expansion "4# in the
Fourier space Q of the cluster,

$"Q,q̃# = $o"Q# + $o"Q##J"Q,q̃#$"Q,q̃#

=
1

1/$o"Q# − #J"Q,q̃#
, "6#

with analogous relations for the intracluster and inter-
cluster parts of J,

#J"Q,q̃# = J"Q + q̃# − J̄"Q# , "7#

J̄"Q# =
Nc

N !
q̃

J"Q + q̃# . "8#

Here, q̃ is a vector in the reciprocal space of x̃, and Q is
a vector in the reciprocal space of the cluster sites. The
Fourier transform of the exchange integral is given by
J"Q+ q̃#=J cos"Q+ q̃#, the intracluster exchange is J̄"Q#,
while the intercluster exchange is #J"Q , q̃#. As we shall
see in the next section, the resulting formalism is analo-
gous to the dynamical cluster approximation for itiner-
ant fermion systems.

In analogy to the Weiss theory, the lattice system can
now be mapped onto an effective cluster model embed-
ded in a mean field, since correlations between the clus-
ters are neglected. The susceptibility restricted to cluster
sites is obtained by averaging or coarse graining over the
superlattice wave vectors q̃,

$̄"Q# =
Nc

N !
q̃

$"Q,q̃# =
1

1/$o"Q# − &"Q#
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with the hybridization function
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N !
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This follows from the fact that the isolated cluster sus-
ceptibility $o"Q# does not depend on the integration
variable q̃ in Eq. "9#.

This expression defines the effective cluster model

Hc = − !
Q

J̄"Q#!"Q#!"− Q# − h!"Q = 0#

− !
Q,q̃

#J"Q,q̃#!"Q#$!"− Q − q̃#% , "11#

where !"Q# &!"q#' denotes the cluster "lattice# Fourier
transform of !i and $¯% the expectation value calculated
with respect to the cluster Hamiltonian Hc. As in the
Weiss theory, the cluster model is used to self-
consistently determine the order parameter $!"Q+ q̃#%
= $!"Q#%#"q̃# in the ferromagnetic state.
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This follows from the fact that the isolated cluster sus-
ceptibility $o"Q# does not depend on the integration
variable q̃ in Eq. "9#.

This expression defines the effective cluster model
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where !"Q# &!"q#' denotes the cluster "lattice# Fourier
transform of !i and $¯% the expectation value calculated
with respect to the cluster Hamiltonian Hc. As in the
Weiss theory, the cluster model is used to self-
consistently determine the order parameter $!"Q+ q̃#%
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The uniform susceptibility !!Q=0, q̃=0" contains in-
formation about the nature of this cluster approach, its
critical properties, and its convergence with cluster size.
The sum in Eq. !8" may be solved analytically,

J̄!Q = 0" = J!Nc/""sin!"/Nc" . !12"

The isolated cluster susceptibility !o!Q" can also be cal-
culated analytically by using the transfer-matrix method
to give !Goldenfeld, 1992"

!o!Q = 0" = # exp!2K"
1 − #tanh!K"$Nc

1 + #tanh!K"$Nc
, !13"

where K=#J̄!Q=0"=#J!Nc /""sin!" /Nc". With these ex-
pressions the uniform lattice susceptibility Eq. !6" be-
comes

!!T" =
1

1/!o!Q = 0" − $J!Q = 0,q̃ = 0"

=
1

1/!o!Q = 0" − J#1 − !Nc/""sin!"/Nc"$
. !14"

The cluster estimate of the lattice susceptibility interpo-
lates between the Weiss result and the exact lattice re-
sult as Nc increases. It may be used to reveal some of the
properties of cluster approximations and to compare the
cluster results to both the finite-size calculation and the
exact result in the thermodynamic limit.

First, both the cluster mean-field result Eq. !14" and
the finite-size result Eq. !13" with K=#J may be re-
garded as approximations to the thermodynamic result.
However, as illustrated in Fig. 1, the cluster mean-field
result is closer to the exact result for small Nc than the
finite-size result. This reflects the superior starting point
of the cluster approximation compared to the finite-size
calculation. The cluster approximation is an expansion
about the mean-field result, whereas the finite-size cal-
culation is an expansion about the atomic limit.

It is instructive to explore the convergence of the clus-
ter result analytically. For large Nc, the character of the
susceptibility Eq. !14" can be split into three regimes. At
very high temperatures

!!T" %
1

T − %
for T & J , !15"

where %%2J+ !J /6"!" /Nc"2. At intermediate tempera-
tures,

!!T" % #e2#J&1 −
#J
3
' "

Nc
(2) for J & T & Tc. !16"

The true critical behavior of the system can be resolved
by studying the properties of this intermediate tempera-
ture regime. At both high and intermediate tempera-
tures, the susceptibility differs from the exact result by
corrections of order O!1/Nc

2". At low temperatures, very
close to the transition to the ferromagnetic state, devia-
tions from the exact result are far larger. Here, for large
clusters

!!T" *
Nc

T − Tc
, !17"

with the critical temperature Tc'0, whereas the exact
susceptibility in this regime !!T"%# exp!2#J" does not
diverge until zero temperature. This discrepancy is ex-
pected for cluster mean-field approximations, since they
treat long length scales in a mean-field way. Hence clus-
ter mean-field approximations generally predict finite
transition temperatures for any finite cluster size due to
their residual mean-field character, independent of di-
mensionality. With increasing cluster size, however, the
transition temperature will be suppressed by the explicit
inclusion of longer wavelength fluctuations.

For cluster sizes larger than 1, all three regions are
evident in the plot of the cluster mean-field estimate of
the inverse susceptibility, shown in Fig. 2. For Nc=8 and
Nc=16, the high- and low-temperature parts are linear in
temperature, with the crossover region in between. In
numerical simulations, with significant sources of nu-
merical noise especially close to the ordering transition,
it can be difficult to resolve the true low-temperature
mean-field behavior. Exponents extracted from fits to
the susceptibility in such simulations will likely be domi-
nated by the intermediate-temperature regime. Note
that for larger clusters, the intermediate regime actually
reflects the temperature dependence of the infinite lat-
tice.

Despite the large deviations of the cluster result from
the exact result close to the transition, we may still ex-
tract correct physics through finite-size extrapolation. In
general, for a system where the correlations build like
(*+!T−Tc" /Tc+−), we expect Tc*Tc

*+aLc
−1/), where Tc

* is
the exact transition temperature, Lc is the linear cluster
size, and a is a positive real constant !Suzuki, 1986".
However, for the one-dimensional !1D" Ising system, (
*!1/2"exp!#J", so more care must be taken. Fortu-
nately, an analytic expression for the transition tempera-

FIG. 1. The cluster and finite-size estimates of the uniform
lattice susceptibility in the 1D Ising model vs cluster size when
J=1 and T=1.2.
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critical properties, and its convergence with cluster size.
The sum in Eq. !8" may be solved analytically,

J̄!Q = 0" = J!Nc/""sin!"/Nc" . !12"

The isolated cluster susceptibility !o!Q" can also be cal-
culated analytically by using the transfer-matrix method
to give !Goldenfeld, 1992"

!o!Q = 0" = # exp!2K"
1 − #tanh!K"$Nc
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1
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lates between the Weiss result and the exact lattice re-
sult as Nc increases. It may be used to reveal some of the
properties of cluster approximations and to compare the
cluster results to both the finite-size calculation and the
exact result in the thermodynamic limit.

First, both the cluster mean-field result Eq. !14" and
the finite-size result Eq. !13" with K=#J may be re-
garded as approximations to the thermodynamic result.
However, as illustrated in Fig. 1, the cluster mean-field
result is closer to the exact result for small Nc than the
finite-size result. This reflects the superior starting point
of the cluster approximation compared to the finite-size
calculation. The cluster approximation is an expansion
about the mean-field result, whereas the finite-size cal-
culation is an expansion about the atomic limit.

It is instructive to explore the convergence of the clus-
ter result analytically. For large Nc, the character of the
susceptibility Eq. !14" can be split into three regimes. At
very high temperatures
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where %%2J+ !J /6"!" /Nc"2. At intermediate tempera-
tures,

!!T" % #e2#J&1 −
#J
3
' "

Nc
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The true critical behavior of the system can be resolved
by studying the properties of this intermediate tempera-
ture regime. At both high and intermediate tempera-
tures, the susceptibility differs from the exact result by
corrections of order O!1/Nc

2". At low temperatures, very
close to the transition to the ferromagnetic state, devia-
tions from the exact result are far larger. Here, for large
clusters
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, !17"

with the critical temperature Tc'0, whereas the exact
susceptibility in this regime !!T"%# exp!2#J" does not
diverge until zero temperature. This discrepancy is ex-
pected for cluster mean-field approximations, since they
treat long length scales in a mean-field way. Hence clus-
ter mean-field approximations generally predict finite
transition temperatures for any finite cluster size due to
their residual mean-field character, independent of di-
mensionality. With increasing cluster size, however, the
transition temperature will be suppressed by the explicit
inclusion of longer wavelength fluctuations.

For cluster sizes larger than 1, all three regions are
evident in the plot of the cluster mean-field estimate of
the inverse susceptibility, shown in Fig. 2. For Nc=8 and
Nc=16, the high- and low-temperature parts are linear in
temperature, with the crossover region in between. In
numerical simulations, with significant sources of nu-
merical noise especially close to the ordering transition,
it can be difficult to resolve the true low-temperature
mean-field behavior. Exponents extracted from fits to
the susceptibility in such simulations will likely be domi-
nated by the intermediate-temperature regime. Note
that for larger clusters, the intermediate regime actually
reflects the temperature dependence of the infinite lat-
tice.

Despite the large deviations of the cluster result from
the exact result close to the transition, we may still ex-
tract correct physics through finite-size extrapolation. In
general, for a system where the correlations build like
(*+!T−Tc" /Tc+−), we expect Tc*Tc

*+aLc
−1/), where Tc

* is
the exact transition temperature, Lc is the linear cluster
size, and a is a positive real constant !Suzuki, 1986".
However, for the one-dimensional !1D" Ising system, (
*!1/2"exp!#J", so more care must be taken. Fortu-
nately, an analytic expression for the transition tempera-

FIG. 1. The cluster and finite-size estimates of the uniform
lattice susceptibility in the 1D Ising model vs cluster size when
J=1 and T=1.2.
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The uniform susceptibility !!Q=0, q̃=0" contains in-
formation about the nature of this cluster approach, its
critical properties, and its convergence with cluster size.
The sum in Eq. !8" may be solved analytically,

J̄!Q = 0" = J!Nc/""sin!"/Nc" . !12"

The isolated cluster susceptibility !o!Q" can also be cal-
culated analytically by using the transfer-matrix method
to give !Goldenfeld, 1992"

!o!Q = 0" = # exp!2K"
1 − #tanh!K"$Nc

1 + #tanh!K"$Nc
, !13"

where K=#J̄!Q=0"=#J!Nc /""sin!" /Nc". With these ex-
pressions the uniform lattice susceptibility Eq. !6" be-
comes

!!T" =
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1/!o!Q = 0" − $J!Q = 0,q̃ = 0"

=
1
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The cluster estimate of the lattice susceptibility interpo-
lates between the Weiss result and the exact lattice re-
sult as Nc increases. It may be used to reveal some of the
properties of cluster approximations and to compare the
cluster results to both the finite-size calculation and the
exact result in the thermodynamic limit.

First, both the cluster mean-field result Eq. !14" and
the finite-size result Eq. !13" with K=#J may be re-
garded as approximations to the thermodynamic result.
However, as illustrated in Fig. 1, the cluster mean-field
result is closer to the exact result for small Nc than the
finite-size result. This reflects the superior starting point
of the cluster approximation compared to the finite-size
calculation. The cluster approximation is an expansion
about the mean-field result, whereas the finite-size cal-
culation is an expansion about the atomic limit.

It is instructive to explore the convergence of the clus-
ter result analytically. For large Nc, the character of the
susceptibility Eq. !14" can be split into three regimes. At
very high temperatures
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The true critical behavior of the system can be resolved
by studying the properties of this intermediate tempera-
ture regime. At both high and intermediate tempera-
tures, the susceptibility differs from the exact result by
corrections of order O!1/Nc

2". At low temperatures, very
close to the transition to the ferromagnetic state, devia-
tions from the exact result are far larger. Here, for large
clusters
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, !17"

with the critical temperature Tc'0, whereas the exact
susceptibility in this regime !!T"%# exp!2#J" does not
diverge until zero temperature. This discrepancy is ex-
pected for cluster mean-field approximations, since they
treat long length scales in a mean-field way. Hence clus-
ter mean-field approximations generally predict finite
transition temperatures for any finite cluster size due to
their residual mean-field character, independent of di-
mensionality. With increasing cluster size, however, the
transition temperature will be suppressed by the explicit
inclusion of longer wavelength fluctuations.

For cluster sizes larger than 1, all three regions are
evident in the plot of the cluster mean-field estimate of
the inverse susceptibility, shown in Fig. 2. For Nc=8 and
Nc=16, the high- and low-temperature parts are linear in
temperature, with the crossover region in between. In
numerical simulations, with significant sources of nu-
merical noise especially close to the ordering transition,
it can be difficult to resolve the true low-temperature
mean-field behavior. Exponents extracted from fits to
the susceptibility in such simulations will likely be domi-
nated by the intermediate-temperature regime. Note
that for larger clusters, the intermediate regime actually
reflects the temperature dependence of the infinite lat-
tice.

Despite the large deviations of the cluster result from
the exact result close to the transition, we may still ex-
tract correct physics through finite-size extrapolation. In
general, for a system where the correlations build like
(*+!T−Tc" /Tc+−), we expect Tc*Tc

*+aLc
−1/), where Tc

* is
the exact transition temperature, Lc is the linear cluster
size, and a is a positive real constant !Suzuki, 1986".
However, for the one-dimensional !1D" Ising system, (
*!1/2"exp!#J", so more care must be taken. Fortu-
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The uniform susceptibility !!Q=0, q̃=0" contains in-
formation about the nature of this cluster approach, its
critical properties, and its convergence with cluster size.
The sum in Eq. !8" may be solved analytically,

J̄!Q = 0" = J!Nc/""sin!"/Nc" . !12"

The isolated cluster susceptibility !o!Q" can also be cal-
culated analytically by using the transfer-matrix method
to give !Goldenfeld, 1992"

!o!Q = 0" = # exp!2K"
1 − #tanh!K"$Nc

1 + #tanh!K"$Nc
, !13"

where K=#J̄!Q=0"=#J!Nc /""sin!" /Nc". With these ex-
pressions the uniform lattice susceptibility Eq. !6" be-
comes
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1/!o!Q = 0" − $J!Q = 0,q̃ = 0"

=
1
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The cluster estimate of the lattice susceptibility interpo-
lates between the Weiss result and the exact lattice re-
sult as Nc increases. It may be used to reveal some of the
properties of cluster approximations and to compare the
cluster results to both the finite-size calculation and the
exact result in the thermodynamic limit.

First, both the cluster mean-field result Eq. !14" and
the finite-size result Eq. !13" with K=#J may be re-
garded as approximations to the thermodynamic result.
However, as illustrated in Fig. 1, the cluster mean-field
result is closer to the exact result for small Nc than the
finite-size result. This reflects the superior starting point
of the cluster approximation compared to the finite-size
calculation. The cluster approximation is an expansion
about the mean-field result, whereas the finite-size cal-
culation is an expansion about the atomic limit.

It is instructive to explore the convergence of the clus-
ter result analytically. For large Nc, the character of the
susceptibility Eq. !14" can be split into three regimes. At
very high temperatures
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The true critical behavior of the system can be resolved
by studying the properties of this intermediate tempera-
ture regime. At both high and intermediate tempera-
tures, the susceptibility differs from the exact result by
corrections of order O!1/Nc

2". At low temperatures, very
close to the transition to the ferromagnetic state, devia-
tions from the exact result are far larger. Here, for large
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with the critical temperature Tc'0, whereas the exact
susceptibility in this regime !!T"%# exp!2#J" does not
diverge until zero temperature. This discrepancy is ex-
pected for cluster mean-field approximations, since they
treat long length scales in a mean-field way. Hence clus-
ter mean-field approximations generally predict finite
transition temperatures for any finite cluster size due to
their residual mean-field character, independent of di-
mensionality. With increasing cluster size, however, the
transition temperature will be suppressed by the explicit
inclusion of longer wavelength fluctuations.

For cluster sizes larger than 1, all three regions are
evident in the plot of the cluster mean-field estimate of
the inverse susceptibility, shown in Fig. 2. For Nc=8 and
Nc=16, the high- and low-temperature parts are linear in
temperature, with the crossover region in between. In
numerical simulations, with significant sources of nu-
merical noise especially close to the ordering transition,
it can be difficult to resolve the true low-temperature
mean-field behavior. Exponents extracted from fits to
the susceptibility in such simulations will likely be domi-
nated by the intermediate-temperature regime. Note
that for larger clusters, the intermediate regime actually
reflects the temperature dependence of the infinite lat-
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the exact result close to the transition, we may still ex-
tract correct physics through finite-size extrapolation. In
general, for a system where the correlations build like
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Solve analytically:

Translational symmetry violated since  only couples surface sites;  
consider instead:

δJ
The uniform susceptibility !!Q=0, q̃=0" contains in-

formation about the nature of this cluster approach, its
critical properties, and its convergence with cluster size.
The sum in Eq. !8" may be solved analytically,

J̄!Q = 0" = J!Nc/""sin!"/Nc" . !12"

The isolated cluster susceptibility !o!Q" can also be cal-
culated analytically by using the transfer-matrix method
to give !Goldenfeld, 1992"

!o!Q = 0" = # exp!2K"
1 − #tanh!K"$Nc

1 + #tanh!K"$Nc
, !13"

where K=#J̄!Q=0"=#J!Nc /""sin!" /Nc". With these ex-
pressions the uniform lattice susceptibility Eq. !6" be-
comes
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The cluster estimate of the lattice susceptibility interpo-
lates between the Weiss result and the exact lattice re-
sult as Nc increases. It may be used to reveal some of the
properties of cluster approximations and to compare the
cluster results to both the finite-size calculation and the
exact result in the thermodynamic limit.

First, both the cluster mean-field result Eq. !14" and
the finite-size result Eq. !13" with K=#J may be re-
garded as approximations to the thermodynamic result.
However, as illustrated in Fig. 1, the cluster mean-field
result is closer to the exact result for small Nc than the
finite-size result. This reflects the superior starting point
of the cluster approximation compared to the finite-size
calculation. The cluster approximation is an expansion
about the mean-field result, whereas the finite-size cal-
culation is an expansion about the atomic limit.

It is instructive to explore the convergence of the clus-
ter result analytically. For large Nc, the character of the
susceptibility Eq. !14" can be split into three regimes. At
very high temperatures
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The true critical behavior of the system can be resolved
by studying the properties of this intermediate tempera-
ture regime. At both high and intermediate tempera-
tures, the susceptibility differs from the exact result by
corrections of order O!1/Nc

2". At low temperatures, very
close to the transition to the ferromagnetic state, devia-
tions from the exact result are far larger. Here, for large
clusters
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with the critical temperature Tc'0, whereas the exact
susceptibility in this regime !!T"%# exp!2#J" does not
diverge until zero temperature. This discrepancy is ex-
pected for cluster mean-field approximations, since they
treat long length scales in a mean-field way. Hence clus-
ter mean-field approximations generally predict finite
transition temperatures for any finite cluster size due to
their residual mean-field character, independent of di-
mensionality. With increasing cluster size, however, the
transition temperature will be suppressed by the explicit
inclusion of longer wavelength fluctuations.

For cluster sizes larger than 1, all three regions are
evident in the plot of the cluster mean-field estimate of
the inverse susceptibility, shown in Fig. 2. For Nc=8 and
Nc=16, the high- and low-temperature parts are linear in
temperature, with the crossover region in between. In
numerical simulations, with significant sources of nu-
merical noise especially close to the ordering transition,
it can be difficult to resolve the true low-temperature
mean-field behavior. Exponents extracted from fits to
the susceptibility in such simulations will likely be domi-
nated by the intermediate-temperature regime. Note
that for larger clusters, the intermediate regime actually
reflects the temperature dependence of the infinite lat-
tice.

Despite the large deviations of the cluster result from
the exact result close to the transition, we may still ex-
tract correct physics through finite-size extrapolation. In
general, for a system where the correlations build like
(*+!T−Tc" /Tc+−), we expect Tc*Tc

*+aLc
−1/), where Tc

* is
the exact transition temperature, Lc is the linear cluster
size, and a is a positive real constant !Suzuki, 1986".
However, for the one-dimensional !1D" Ising system, (
*!1/2"exp!#J", so more care must be taken. Fortu-
nately, an analytic expression for the transition tempera-

FIG. 1. The cluster and finite-size estimates of the uniform
lattice susceptibility in the 1D Ising model vs cluster size when
J=1 and T=1.2.
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ture may be extracted from Eq. !14". For large clusters,
Tc#JNc$!1/6"!! /Nc"2− !1/120"!! /Nc"4%. This behavior
is shown in the inset of Fig. 2 with the circles depicting
the numerical values for Tc and the solid line the
asymptotic &1/Nc behavior.

In this section, some of the properties of quantum
cluster approaches have been illustrated with an analyti-
cally solvable model. However, an accurate treatment of
spin systems requires a fully self-consistent numerical
calculation of the susceptibility employing some of the
techniques discussed below.

II. QUANTUM CLUSTER THEORIES

In this section we provide two derivations of quantum
cluster approaches for systems with itinerant quantum
degrees of freedom. The locator expansion in Sec. II.A
is analogous to the cluster extension of the Weiss mean-
field theory developed in the preceding section. Section
II.B provides a microscopic derivation based on cluster
approximations to the thermodynamic grand potential.
A detailed discussion of the nature of quantum cluster
approaches and the effective cluster model is presented
in Secs. II.D and II.E. Generalizations for broken-
symmetry phases, the calculation of susceptibilities, and
the application to disordered systems is explained in
Secs. II.F, II.G, and II.H and a brief discussion of alter-
native cluster methods is presented in Sec. II.I.

A. Locator approach to quantum cluster theories

In this section, we derive a number of cluster formal-
isms for itinerant many-body systems using an analogous
approach to that discussed in Sec. I.B for classical spin
systems. For simplicity we assume in this section that no
symmetry breaking occurs; the treatment of broken-

symmetry phases is discussed in Sec. II.F. The basic idea
is to write down a locator expansion, i.e., an expansion
in space around a finite-size cluster. As with their classi-
cal counterparts, quantum cluster theories approximate
the lattice problem with many degrees of freedom by an
effective cluster problem with few degrees of freedom
embedded in an external bath or mean field created
from the remaining degrees of freedom. By neglecting
correlations that extend beyond the cluster size, one can
then formulate a theory in which the lattice system is
replaced by an effective cluster embedded in a mean-
field host. While the formalism derived here is analo-
gous to the formalism discussed in Sec. I.B for spin sys-
tems, there are significant differences. Since we are
dealing with itinerant fermions, the theory is built upon
the single-particle Green’s function instead of the two-
particle spin-correlation function, and the mean field is
dynamical due to the itinerant nature of the particles.

This derivation is illustrated in the example of the ex-
tended single-band Hubbard model,

H = '
ij,"

tijci"
† cj" +

1
2 '

ij,""!

Uij
""!ni"nj"!. !18"

Here i and j are lattice site indices, the operators ci"
† !ci""

create !destroy" an electron with spin " on site i, ni"

=ci"
† ci" is their corresponding number density, and Uij

""!

denotes the Coulomb repulsion between electrons with
spins " and "! on sites i and j. The hopping amplitude
between sites i and j is denoted by tij, its local contribu-
tion tii=#o, and its Fourier transform to reciprocal space
is the dispersion #k. In this section we limit the discus-
sion to the regular Hubbard model with a purely local
interaction Uij

""!=U!1−$""!"$ij. The more general case
of finite nonlocal interactions Uij

""! for i! j is discussed
in Sec. II.B.

The central quantity upon which we build the locator
expansion is the single-particle thermodynamic Green’s
function !% is the imaginary time, T% is the corresponding
time-ordering operator, &=1/T is the inverse tempera-
ture, and i'n are the fermionic Matsubara frequencies",

Gij,"!%" = − (T%ci"!%"cj"
† ) , !19"

Gij,"!i'n" = *
0

&

d%ei'n%Gij,"!%", 'n =
!2n + 1"!

&
, !20"

or, respectively, its analytical continuation Gij,"!z"
= ((ci" ,cj"

† ))z to complex frequencies z.
To set up a suitable notation for cluster schemes, we

take the distance between sites as our unit of length and
divide the D-dimensional lattice of N sites into a set of
finite-size clusters, each with Nc sites of linear size Lc
such that Nc=Lc

D. We resolve the first Brillouin zone
into a corresponding set of reduced zones which we call
cells. This notation is illustrated in Fig. 3 for D=2 and
Nc=4 site clusters. We use the coordinate x̃ to label the
origin of the clusters and X to label the Nc sites within a
cluster, so that the site indices of the original lattice are

FIG. 2. !Color in online edition" The inverse susceptibility vs
temperature. The Weiss behavior at low T, where 1/(!T" is
linear in T, illustrates that the transition is always mean-field-
like. The true critical behavior of the transition is reflected in
the crossover region for T)J and larger Nc. Inset: transition
temperature for the 1D Ising model vs inverse cluster size
when J=1, obtained with the cluster mean-field approach. For
large clusters, Tc&J!2 /6Nc, shown as a solid line.
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The uniform susceptibility !!Q=0, q̃=0" contains in-
formation about the nature of this cluster approach, its
critical properties, and its convergence with cluster size.
The sum in Eq. !8" may be solved analytically,

J̄!Q = 0" = J!Nc/""sin!"/Nc" . !12"

The isolated cluster susceptibility !o!Q" can also be cal-
culated analytically by using the transfer-matrix method
to give !Goldenfeld, 1992"

!o!Q = 0" = # exp!2K"
1 − #tanh!K"$Nc

1 + #tanh!K"$Nc
, !13"

where K=#J̄!Q=0"=#J!Nc /""sin!" /Nc". With these ex-
pressions the uniform lattice susceptibility Eq. !6" be-
comes

!!T" =
1

1/!o!Q = 0" − $J!Q = 0,q̃ = 0"

=
1

1/!o!Q = 0" − J#1 − !Nc/""sin!"/Nc"$
. !14"

The cluster estimate of the lattice susceptibility interpo-
lates between the Weiss result and the exact lattice re-
sult as Nc increases. It may be used to reveal some of the
properties of cluster approximations and to compare the
cluster results to both the finite-size calculation and the
exact result in the thermodynamic limit.

First, both the cluster mean-field result Eq. !14" and
the finite-size result Eq. !13" with K=#J may be re-
garded as approximations to the thermodynamic result.
However, as illustrated in Fig. 1, the cluster mean-field
result is closer to the exact result for small Nc than the
finite-size result. This reflects the superior starting point
of the cluster approximation compared to the finite-size
calculation. The cluster approximation is an expansion
about the mean-field result, whereas the finite-size cal-
culation is an expansion about the atomic limit.

It is instructive to explore the convergence of the clus-
ter result analytically. For large Nc, the character of the
susceptibility Eq. !14" can be split into three regimes. At
very high temperatures

!!T" %
1

T − %
for T & J , !15"

where %%2J+ !J /6"!" /Nc"2. At intermediate tempera-
tures,

!!T" % #e2#J&1 −
#J
3
' "

Nc
(2) for J & T & Tc. !16"

The true critical behavior of the system can be resolved
by studying the properties of this intermediate tempera-
ture regime. At both high and intermediate tempera-
tures, the susceptibility differs from the exact result by
corrections of order O!1/Nc

2". At low temperatures, very
close to the transition to the ferromagnetic state, devia-
tions from the exact result are far larger. Here, for large
clusters

!!T" *
Nc

T − Tc
, !17"

with the critical temperature Tc'0, whereas the exact
susceptibility in this regime !!T"%# exp!2#J" does not
diverge until zero temperature. This discrepancy is ex-
pected for cluster mean-field approximations, since they
treat long length scales in a mean-field way. Hence clus-
ter mean-field approximations generally predict finite
transition temperatures for any finite cluster size due to
their residual mean-field character, independent of di-
mensionality. With increasing cluster size, however, the
transition temperature will be suppressed by the explicit
inclusion of longer wavelength fluctuations.

For cluster sizes larger than 1, all three regions are
evident in the plot of the cluster mean-field estimate of
the inverse susceptibility, shown in Fig. 2. For Nc=8 and
Nc=16, the high- and low-temperature parts are linear in
temperature, with the crossover region in between. In
numerical simulations, with significant sources of nu-
merical noise especially close to the ordering transition,
it can be difficult to resolve the true low-temperature
mean-field behavior. Exponents extracted from fits to
the susceptibility in such simulations will likely be domi-
nated by the intermediate-temperature regime. Note
that for larger clusters, the intermediate regime actually
reflects the temperature dependence of the infinite lat-
tice.

Despite the large deviations of the cluster result from
the exact result close to the transition, we may still ex-
tract correct physics through finite-size extrapolation. In
general, for a system where the correlations build like
(*+!T−Tc" /Tc+−), we expect Tc*Tc

*+aLc
−1/), where Tc

* is
the exact transition temperature, Lc is the linear cluster
size, and a is a positive real constant !Suzuki, 1986".
However, for the one-dimensional !1D" Ising system, (
*!1/2"exp!#J", so more care must be taken. Fortu-
nately, an analytic expression for the transition tempera-

FIG. 1. The cluster and finite-size estimates of the uniform
lattice susceptibility in the 1D Ising model vs cluster size when
J=1 and T=1.2.
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Mean-field behavior at low T:

Intermediate T: 

The uniform susceptibility !!Q=0, q̃=0" contains in-
formation about the nature of this cluster approach, its
critical properties, and its convergence with cluster size.
The sum in Eq. !8" may be solved analytically,

J̄!Q = 0" = J!Nc/""sin!"/Nc" . !12"

The isolated cluster susceptibility !o!Q" can also be cal-
culated analytically by using the transfer-matrix method
to give !Goldenfeld, 1992"

!o!Q = 0" = # exp!2K"
1 − #tanh!K"$Nc

1 + #tanh!K"$Nc
, !13"

where K=#J̄!Q=0"=#J!Nc /""sin!" /Nc". With these ex-
pressions the uniform lattice susceptibility Eq. !6" be-
comes

!!T" =
1

1/!o!Q = 0" − $J!Q = 0,q̃ = 0"

=
1

1/!o!Q = 0" − J#1 − !Nc/""sin!"/Nc"$
. !14"

The cluster estimate of the lattice susceptibility interpo-
lates between the Weiss result and the exact lattice re-
sult as Nc increases. It may be used to reveal some of the
properties of cluster approximations and to compare the
cluster results to both the finite-size calculation and the
exact result in the thermodynamic limit.

First, both the cluster mean-field result Eq. !14" and
the finite-size result Eq. !13" with K=#J may be re-
garded as approximations to the thermodynamic result.
However, as illustrated in Fig. 1, the cluster mean-field
result is closer to the exact result for small Nc than the
finite-size result. This reflects the superior starting point
of the cluster approximation compared to the finite-size
calculation. The cluster approximation is an expansion
about the mean-field result, whereas the finite-size cal-
culation is an expansion about the atomic limit.

It is instructive to explore the convergence of the clus-
ter result analytically. For large Nc, the character of the
susceptibility Eq. !14" can be split into three regimes. At
very high temperatures

!!T" %
1

T − %
for T & J , !15"

where %%2J+ !J /6"!" /Nc"2. At intermediate tempera-
tures,

!!T" % #e2#J&1 −
#J
3
' "

Nc
(2) for J & T & Tc. !16"

The true critical behavior of the system can be resolved
by studying the properties of this intermediate tempera-
ture regime. At both high and intermediate tempera-
tures, the susceptibility differs from the exact result by
corrections of order O!1/Nc

2". At low temperatures, very
close to the transition to the ferromagnetic state, devia-
tions from the exact result are far larger. Here, for large
clusters

!!T" *
Nc

T − Tc
, !17"

with the critical temperature Tc'0, whereas the exact
susceptibility in this regime !!T"%# exp!2#J" does not
diverge until zero temperature. This discrepancy is ex-
pected for cluster mean-field approximations, since they
treat long length scales in a mean-field way. Hence clus-
ter mean-field approximations generally predict finite
transition temperatures for any finite cluster size due to
their residual mean-field character, independent of di-
mensionality. With increasing cluster size, however, the
transition temperature will be suppressed by the explicit
inclusion of longer wavelength fluctuations.

For cluster sizes larger than 1, all three regions are
evident in the plot of the cluster mean-field estimate of
the inverse susceptibility, shown in Fig. 2. For Nc=8 and
Nc=16, the high- and low-temperature parts are linear in
temperature, with the crossover region in between. In
numerical simulations, with significant sources of nu-
merical noise especially close to the ordering transition,
it can be difficult to resolve the true low-temperature
mean-field behavior. Exponents extracted from fits to
the susceptibility in such simulations will likely be domi-
nated by the intermediate-temperature regime. Note
that for larger clusters, the intermediate regime actually
reflects the temperature dependence of the infinite lat-
tice.

Despite the large deviations of the cluster result from
the exact result close to the transition, we may still ex-
tract correct physics through finite-size extrapolation. In
general, for a system where the correlations build like
(*+!T−Tc" /Tc+−), we expect Tc*Tc

*+aLc
−1/), where Tc

* is
the exact transition temperature, Lc is the linear cluster
size, and a is a positive real constant !Suzuki, 1986".
However, for the one-dimensional !1D" Ising system, (
*!1/2"exp!#J", so more care must be taken. Fortu-
nately, an analytic expression for the transition tempera-

FIG. 1. The cluster and finite-size estimates of the uniform
lattice susceptibility in the 1D Ising model vs cluster size when
J=1 and T=1.2.
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vs. exact result:

The uniform susceptibility !!Q=0, q̃=0" contains in-
formation about the nature of this cluster approach, its
critical properties, and its convergence with cluster size.
The sum in Eq. !8" may be solved analytically,

J̄!Q = 0" = J!Nc/""sin!"/Nc" . !12"

The isolated cluster susceptibility !o!Q" can also be cal-
culated analytically by using the transfer-matrix method
to give !Goldenfeld, 1992"

!o!Q = 0" = # exp!2K"
1 − #tanh!K"$Nc

1 + #tanh!K"$Nc
, !13"

where K=#J̄!Q=0"=#J!Nc /""sin!" /Nc". With these ex-
pressions the uniform lattice susceptibility Eq. !6" be-
comes

!!T" =
1

1/!o!Q = 0" − $J!Q = 0,q̃ = 0"

=
1

1/!o!Q = 0" − J#1 − !Nc/""sin!"/Nc"$
. !14"

The cluster estimate of the lattice susceptibility interpo-
lates between the Weiss result and the exact lattice re-
sult as Nc increases. It may be used to reveal some of the
properties of cluster approximations and to compare the
cluster results to both the finite-size calculation and the
exact result in the thermodynamic limit.

First, both the cluster mean-field result Eq. !14" and
the finite-size result Eq. !13" with K=#J may be re-
garded as approximations to the thermodynamic result.
However, as illustrated in Fig. 1, the cluster mean-field
result is closer to the exact result for small Nc than the
finite-size result. This reflects the superior starting point
of the cluster approximation compared to the finite-size
calculation. The cluster approximation is an expansion
about the mean-field result, whereas the finite-size cal-
culation is an expansion about the atomic limit.

It is instructive to explore the convergence of the clus-
ter result analytically. For large Nc, the character of the
susceptibility Eq. !14" can be split into three regimes. At
very high temperatures

!!T" %
1

T − %
for T & J , !15"

where %%2J+ !J /6"!" /Nc"2. At intermediate tempera-
tures,

!!T" % #e2#J&1 −
#J
3
' "

Nc
(2) for J & T & Tc. !16"

The true critical behavior of the system can be resolved
by studying the properties of this intermediate tempera-
ture regime. At both high and intermediate tempera-
tures, the susceptibility differs from the exact result by
corrections of order O!1/Nc

2". At low temperatures, very
close to the transition to the ferromagnetic state, devia-
tions from the exact result are far larger. Here, for large
clusters

!!T" *
Nc

T − Tc
, !17"

with the critical temperature Tc'0, whereas the exact
susceptibility in this regime !!T"%# exp!2#J" does not
diverge until zero temperature. This discrepancy is ex-
pected for cluster mean-field approximations, since they
treat long length scales in a mean-field way. Hence clus-
ter mean-field approximations generally predict finite
transition temperatures for any finite cluster size due to
their residual mean-field character, independent of di-
mensionality. With increasing cluster size, however, the
transition temperature will be suppressed by the explicit
inclusion of longer wavelength fluctuations.

For cluster sizes larger than 1, all three regions are
evident in the plot of the cluster mean-field estimate of
the inverse susceptibility, shown in Fig. 2. For Nc=8 and
Nc=16, the high- and low-temperature parts are linear in
temperature, with the crossover region in between. In
numerical simulations, with significant sources of nu-
merical noise especially close to the ordering transition,
it can be difficult to resolve the true low-temperature
mean-field behavior. Exponents extracted from fits to
the susceptibility in such simulations will likely be domi-
nated by the intermediate-temperature regime. Note
that for larger clusters, the intermediate regime actually
reflects the temperature dependence of the infinite lat-
tice.

Despite the large deviations of the cluster result from
the exact result close to the transition, we may still ex-
tract correct physics through finite-size extrapolation. In
general, for a system where the correlations build like
(*+!T−Tc" /Tc+−), we expect Tc*Tc

*+aLc
−1/), where Tc

* is
the exact transition temperature, Lc is the linear cluster
size, and a is a positive real constant !Suzuki, 1986".
However, for the one-dimensional !1D" Ising system, (
*!1/2"exp!#J", so more care must be taken. Fortu-
nately, an analytic expression for the transition tempera-

FIG. 1. The cluster and finite-size estimates of the uniform
lattice susceptibility in the 1D Ising model vs cluster size when
J=1 and T=1.2.
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Also true for dynamical cluster approximation

Notes / Observations

Cluster mean-field solution interpolates between single-site 
mean-field and infinite cluster exact result 

Cluster size convergence to exact result is faster than in finite 
size methods; for a given cluster size, cluster mean-field 
theories give better approximation  

(Cluster) mean-field treatment of long wavelength 
fluctuations results in finite transition temperature, even if 
exact transition temperature is zero 

With increasing cluster size, transition temperature is 
suppressed by inclusion of longer wavelength fluctuations 

Intermediate temperature regime reflects temperature 
dependence of exact result (infinite size clusters)  

Finite size scaling can be performed if sufficiently large 
clusters can be simulated

The uniform susceptibility !!Q=0, q̃=0" contains in-
formation about the nature of this cluster approach, its
critical properties, and its convergence with cluster size.
The sum in Eq. !8" may be solved analytically,

J̄!Q = 0" = J!Nc/""sin!"/Nc" . !12"

The isolated cluster susceptibility !o!Q" can also be cal-
culated analytically by using the transfer-matrix method
to give !Goldenfeld, 1992"

!o!Q = 0" = # exp!2K"
1 − #tanh!K"$Nc

1 + #tanh!K"$Nc
, !13"

where K=#J̄!Q=0"=#J!Nc /""sin!" /Nc". With these ex-
pressions the uniform lattice susceptibility Eq. !6" be-
comes

!!T" =
1

1/!o!Q = 0" − $J!Q = 0,q̃ = 0"

=
1

1/!o!Q = 0" − J#1 − !Nc/""sin!"/Nc"$
. !14"

The cluster estimate of the lattice susceptibility interpo-
lates between the Weiss result and the exact lattice re-
sult as Nc increases. It may be used to reveal some of the
properties of cluster approximations and to compare the
cluster results to both the finite-size calculation and the
exact result in the thermodynamic limit.

First, both the cluster mean-field result Eq. !14" and
the finite-size result Eq. !13" with K=#J may be re-
garded as approximations to the thermodynamic result.
However, as illustrated in Fig. 1, the cluster mean-field
result is closer to the exact result for small Nc than the
finite-size result. This reflects the superior starting point
of the cluster approximation compared to the finite-size
calculation. The cluster approximation is an expansion
about the mean-field result, whereas the finite-size cal-
culation is an expansion about the atomic limit.

It is instructive to explore the convergence of the clus-
ter result analytically. For large Nc, the character of the
susceptibility Eq. !14" can be split into three regimes. At
very high temperatures

!!T" %
1

T − %
for T & J , !15"

where %%2J+ !J /6"!" /Nc"2. At intermediate tempera-
tures,

!!T" % #e2#J&1 −
#J
3
' "

Nc
(2) for J & T & Tc. !16"

The true critical behavior of the system can be resolved
by studying the properties of this intermediate tempera-
ture regime. At both high and intermediate tempera-
tures, the susceptibility differs from the exact result by
corrections of order O!1/Nc

2". At low temperatures, very
close to the transition to the ferromagnetic state, devia-
tions from the exact result are far larger. Here, for large
clusters

!!T" *
Nc

T − Tc
, !17"

with the critical temperature Tc'0, whereas the exact
susceptibility in this regime !!T"%# exp!2#J" does not
diverge until zero temperature. This discrepancy is ex-
pected for cluster mean-field approximations, since they
treat long length scales in a mean-field way. Hence clus-
ter mean-field approximations generally predict finite
transition temperatures for any finite cluster size due to
their residual mean-field character, independent of di-
mensionality. With increasing cluster size, however, the
transition temperature will be suppressed by the explicit
inclusion of longer wavelength fluctuations.

For cluster sizes larger than 1, all three regions are
evident in the plot of the cluster mean-field estimate of
the inverse susceptibility, shown in Fig. 2. For Nc=8 and
Nc=16, the high- and low-temperature parts are linear in
temperature, with the crossover region in between. In
numerical simulations, with significant sources of nu-
merical noise especially close to the ordering transition,
it can be difficult to resolve the true low-temperature
mean-field behavior. Exponents extracted from fits to
the susceptibility in such simulations will likely be domi-
nated by the intermediate-temperature regime. Note
that for larger clusters, the intermediate regime actually
reflects the temperature dependence of the infinite lat-
tice.

Despite the large deviations of the cluster result from
the exact result close to the transition, we may still ex-
tract correct physics through finite-size extrapolation. In
general, for a system where the correlations build like
(*+!T−Tc" /Tc+−), we expect Tc*Tc

*+aLc
−1/), where Tc

* is
the exact transition temperature, Lc is the linear cluster
size, and a is a positive real constant !Suzuki, 1986".
However, for the one-dimensional !1D" Ising system, (
*!1/2"exp!#J", so more care must be taken. Fortu-
nately, an analytic expression for the transition tempera-

FIG. 1. The cluster and finite-size estimates of the uniform
lattice susceptibility in the 1D Ising model vs cluster size when
J=1 and T=1.2.
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ture may be extracted from Eq. !14". For large clusters,
Tc#JNc$!1/6"!! /Nc"2− !1/120"!! /Nc"4%. This behavior
is shown in the inset of Fig. 2 with the circles depicting
the numerical values for Tc and the solid line the
asymptotic &1/Nc behavior.

In this section, some of the properties of quantum
cluster approaches have been illustrated with an analyti-
cally solvable model. However, an accurate treatment of
spin systems requires a fully self-consistent numerical
calculation of the susceptibility employing some of the
techniques discussed below.

II. QUANTUM CLUSTER THEORIES

In this section we provide two derivations of quantum
cluster approaches for systems with itinerant quantum
degrees of freedom. The locator expansion in Sec. II.A
is analogous to the cluster extension of the Weiss mean-
field theory developed in the preceding section. Section
II.B provides a microscopic derivation based on cluster
approximations to the thermodynamic grand potential.
A detailed discussion of the nature of quantum cluster
approaches and the effective cluster model is presented
in Secs. II.D and II.E. Generalizations for broken-
symmetry phases, the calculation of susceptibilities, and
the application to disordered systems is explained in
Secs. II.F, II.G, and II.H and a brief discussion of alter-
native cluster methods is presented in Sec. II.I.

A. Locator approach to quantum cluster theories

In this section, we derive a number of cluster formal-
isms for itinerant many-body systems using an analogous
approach to that discussed in Sec. I.B for classical spin
systems. For simplicity we assume in this section that no
symmetry breaking occurs; the treatment of broken-

symmetry phases is discussed in Sec. II.F. The basic idea
is to write down a locator expansion, i.e., an expansion
in space around a finite-size cluster. As with their classi-
cal counterparts, quantum cluster theories approximate
the lattice problem with many degrees of freedom by an
effective cluster problem with few degrees of freedom
embedded in an external bath or mean field created
from the remaining degrees of freedom. By neglecting
correlations that extend beyond the cluster size, one can
then formulate a theory in which the lattice system is
replaced by an effective cluster embedded in a mean-
field host. While the formalism derived here is analo-
gous to the formalism discussed in Sec. I.B for spin sys-
tems, there are significant differences. Since we are
dealing with itinerant fermions, the theory is built upon
the single-particle Green’s function instead of the two-
particle spin-correlation function, and the mean field is
dynamical due to the itinerant nature of the particles.

This derivation is illustrated in the example of the ex-
tended single-band Hubbard model,

H = '
ij,"

tijci"
† cj" +

1
2 '

ij,""!

Uij
""!ni"nj"!. !18"

Here i and j are lattice site indices, the operators ci"
† !ci""

create !destroy" an electron with spin " on site i, ni"

=ci"
† ci" is their corresponding number density, and Uij

""!

denotes the Coulomb repulsion between electrons with
spins " and "! on sites i and j. The hopping amplitude
between sites i and j is denoted by tij, its local contribu-
tion tii=#o, and its Fourier transform to reciprocal space
is the dispersion #k. In this section we limit the discus-
sion to the regular Hubbard model with a purely local
interaction Uij

""!=U!1−$""!"$ij. The more general case
of finite nonlocal interactions Uij

""! for i! j is discussed
in Sec. II.B.

The central quantity upon which we build the locator
expansion is the single-particle thermodynamic Green’s
function !% is the imaginary time, T% is the corresponding
time-ordering operator, &=1/T is the inverse tempera-
ture, and i'n are the fermionic Matsubara frequencies",

Gij,"!%" = − (T%ci"!%"cj"
† ) , !19"

Gij,"!i'n" = *
0

&

d%ei'n%Gij,"!%", 'n =
!2n + 1"!

&
, !20"

or, respectively, its analytical continuation Gij,"!z"
= ((ci" ,cj"

† ))z to complex frequencies z.
To set up a suitable notation for cluster schemes, we

take the distance between sites as our unit of length and
divide the D-dimensional lattice of N sites into a set of
finite-size clusters, each with Nc sites of linear size Lc
such that Nc=Lc

D. We resolve the first Brillouin zone
into a corresponding set of reduced zones which we call
cells. This notation is illustrated in Fig. 3 for D=2 and
Nc=4 site clusters. We use the coordinate x̃ to label the
origin of the clusters and X to label the Nc sites within a
cluster, so that the site indices of the original lattice are

FIG. 2. !Color in online edition" The inverse susceptibility vs
temperature. The Weiss behavior at low T, where 1/(!T" is
linear in T, illustrates that the transition is always mean-field-
like. The true critical behavior of the transition is reflected in
the crossover region for T)J and larger Nc. Inset: transition
temperature for the 1D Ising model vs inverse cluster size
when J=1, obtained with the cluster mean-field approach. For
large clusters, Tc&J!2 /6Nc, shown as a solid line.
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Locator Approach

Dynamic Cluster Approximation

x=X+ x̃. The points x̃ form a superlattice with a recip-
rocal space labeled by k̃. The reciprocal space corre-
sponding to the sites X within a cluster shall be labeled
K, with K!=n!!2" /Lc" and integer n!. Then the wave
vectors in the full Brillouin zone are given by k=K+ k̃.

With these conventions, the Fourier transforms of a
given function f!X , x̃" for intracluster and intercluster
coordinates are defined as

f!X, x̃" =
Nc

N #
k̃

eik̃·x̃f!X,k̃" , !21"

f!X,k̃" = #
x̃

e−ik̃·x̃f!X, x̃" , !22"

f!X,k̃" =
1

Nc
#
K

ei!K+k̃"·Xf!K,k̃" , !23"

f!K,k̃" = #
X

e−i!K+k̃"·Xf!X,k̃" . !24"

To separate out the cluster degrees of freedom, the
hopping amplitude t and the self-energy # !defined from
the Green’s function via the Dyson equation G−1=G0

−1

−# with the noninteracting Green’s function G0" are
split into intracluster and intercluster parts,

t!x̃i − x̃j" = tc$x̃i,x̃j
+ $t!x̃i − x̃j" , !25"

!!x̃i − x̃j,z" = !c!z"$x̃i,x̃j
+ $!!x̃i − x̃j,z" . !26"

All the quantities are Nc%Nc matrices in the cluster
sites, tc= t!x̃=0" and !c!z"=!!x̃=0,z" are the intracluster
hopping and self-energy, while $t!x̃" and $!!x̃ ,z" are the
corresponding intercluster quantities which are only fi-
nite for x̃!0.

1. Cluster perturbation theory and cellular dynamical
mean-field theory

With these definitions we write the Green’s function
using a locator expansion, an expansion in $t and $!

around the cluster limit. In matrix notation in the Nc
cluster sites it reads

G!x̃i − x̃j,z" = g!z"$x̃ix̃j
+ g!z"#

l
$$t!x̃i − x̃l"

+ $!!x̃i − x̃l,z"%G!x̃l − x̃j,z" , !27"

where the Nc%Nc matrix

g!z" = $!z + &"1 − tc − !c!z"%−1 !28"

is the Green’s function of the cluster decoupled from the
remainder of the system !& is the chemical potential".
Since translational invariance in the superlattice x̃ is pre-
served, this expression may be simplified by Fourier
transforming the intercluster coordinates to give

G!k̃,z" = g!z" + g!z"$$t!k̃" + $!!k̃,z"%G!k̃,z" . !29"

The central approximation that unites all cluster for-
malisms is to truncate the self-energy to the cluster by
neglecting $! to arrive at

G!k̃,z" = g!z" + g!z"$t!k̃"G!k̃,z" = $g−1!z" − $t!k̃"%−1.

!30"

As we discuss in Sec. II.D.1, this approximation corre-
sponds to truncating the potential energy to the cluster.

The remaining self-energy term !c!z" implicitly con-
tained in the propagator g!z" in Eq. !30" is restricted to
the cluster degrees of freedom. Hence it can be calcu-
lated nonperturbatively in an effective cluster model as
a functional !c!z"=F$Ḡ!z"%, where

Ḡ!z" =
Nc

N #
k̃

G!k̃,z" !31"

is the k̃-averaged or coarse-grained G!k̃ ,z", i.e., the
Green’s function restricted to the cluster. As discussed in
the next section this approximation is consistent with
neglecting intercluster momentum conservation, i.e., ne-
glecting the phase factors eik̃·x̃ on the vertices of the self-
energy diagrams.

Using the expression !30" for the lattice Green’s func-
tion and the fact that g!z" does not depend on k̃, the
coarse-grained Green’s function Ḡ can be written as

Ḡ!z" = $g−1!z" − "!z"%−1, !32"

with a hybridization function " defined by

"!z" = &1 +
Nc

N #
k̃

$t!k̃"G!k̃,z"'−1

% &Nc

N #
k̃

$t!k̃"G!k̃,z"$t!k̃"' . !33"

Its physical content is that of an effective amplitude for
fermionic hopping processes from the cluster into the
host and back again into the cluster. The denominator in
Eq. !33" is a correction that excludes the cluster from the
effective medium. "!z" thus plays an analogous role to

FIG. 3. !Color in online edition" Definition of the coordinates
in real !left" and reciprocal !right" space illustrated for Nc=4
site clusters. The origin of a cluster is labeled by x̃, the sites
within a cluster by X. The reciprocal space to X is labeled by
K, the wave vectors of the superlattice, i.e., within a cell, by k̃.
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x=X+ x̃. The points x̃ form a superlattice with a recip-
rocal space labeled by k̃. The reciprocal space corre-
sponding to the sites X within a cluster shall be labeled
K, with K!=n!!2" /Lc" and integer n!. Then the wave
vectors in the full Brillouin zone are given by k=K+ k̃.

With these conventions, the Fourier transforms of a
given function f!X , x̃" for intracluster and intercluster
coordinates are defined as

f!X, x̃" =
Nc

N #
k̃

eik̃·x̃f!X,k̃" , !21"

f!X,k̃" = #
x̃

e−ik̃·x̃f!X, x̃" , !22"

f!X,k̃" =
1

Nc
#
K

ei!K+k̃"·Xf!K,k̃" , !23"

f!K,k̃" = #
X

e−i!K+k̃"·Xf!X,k̃" . !24"

To separate out the cluster degrees of freedom, the
hopping amplitude t and the self-energy # !defined from
the Green’s function via the Dyson equation G−1=G0

−1

−# with the noninteracting Green’s function G0" are
split into intracluster and intercluster parts,

t!x̃i − x̃j" = tc$x̃i,x̃j
+ $t!x̃i − x̃j" , !25"

!!x̃i − x̃j,z" = !c!z"$x̃i,x̃j
+ $!!x̃i − x̃j,z" . !26"

All the quantities are Nc%Nc matrices in the cluster
sites, tc= t!x̃=0" and !c!z"=!!x̃=0,z" are the intracluster
hopping and self-energy, while $t!x̃" and $!!x̃ ,z" are the
corresponding intercluster quantities which are only fi-
nite for x̃!0.

1. Cluster perturbation theory and cellular dynamical
mean-field theory

With these definitions we write the Green’s function
using a locator expansion, an expansion in $t and $!

around the cluster limit. In matrix notation in the Nc
cluster sites it reads

G!x̃i − x̃j,z" = g!z"$x̃ix̃j
+ g!z"#

l
$$t!x̃i − x̃l"

+ $!!x̃i − x̃l,z"%G!x̃l − x̃j,z" , !27"

where the Nc%Nc matrix

g!z" = $!z + &"1 − tc − !c!z"%−1 !28"

is the Green’s function of the cluster decoupled from the
remainder of the system !& is the chemical potential".
Since translational invariance in the superlattice x̃ is pre-
served, this expression may be simplified by Fourier
transforming the intercluster coordinates to give

G!k̃,z" = g!z" + g!z"$$t!k̃" + $!!k̃,z"%G!k̃,z" . !29"

The central approximation that unites all cluster for-
malisms is to truncate the self-energy to the cluster by
neglecting $! to arrive at

G!k̃,z" = g!z" + g!z"$t!k̃"G!k̃,z" = $g−1!z" − $t!k̃"%−1.

!30"

As we discuss in Sec. II.D.1, this approximation corre-
sponds to truncating the potential energy to the cluster.

The remaining self-energy term !c!z" implicitly con-
tained in the propagator g!z" in Eq. !30" is restricted to
the cluster degrees of freedom. Hence it can be calcu-
lated nonperturbatively in an effective cluster model as
a functional !c!z"=F$Ḡ!z"%, where

Ḡ!z" =
Nc

N #
k̃

G!k̃,z" !31"

is the k̃-averaged or coarse-grained G!k̃ ,z", i.e., the
Green’s function restricted to the cluster. As discussed in
the next section this approximation is consistent with
neglecting intercluster momentum conservation, i.e., ne-
glecting the phase factors eik̃·x̃ on the vertices of the self-
energy diagrams.

Using the expression !30" for the lattice Green’s func-
tion and the fact that g!z" does not depend on k̃, the
coarse-grained Green’s function Ḡ can be written as

Ḡ!z" = $g−1!z" − "!z"%−1, !32"

with a hybridization function " defined by

"!z" = &1 +
Nc

N #
k̃

$t!k̃"G!k̃,z"'−1

% &Nc

N #
k̃

$t!k̃"G!k̃,z"$t!k̃"' . !33"

Its physical content is that of an effective amplitude for
fermionic hopping processes from the cluster into the
host and back again into the cluster. The denominator in
Eq. !33" is a correction that excludes the cluster from the
effective medium. "!z" thus plays an analogous role to

FIG. 3. !Color in online edition" Definition of the coordinates
in real !left" and reciprocal !right" space illustrated for Nc=4
site clusters. The origin of a cluster is labeled by x̃, the sites
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x=X+ x̃. The points x̃ form a superlattice with a recip-
rocal space labeled by k̃. The reciprocal space corre-
sponding to the sites X within a cluster shall be labeled
K, with K!=n!!2" /Lc" and integer n!. Then the wave
vectors in the full Brillouin zone are given by k=K+ k̃.

With these conventions, the Fourier transforms of a
given function f!X , x̃" for intracluster and intercluster
coordinates are defined as

f!X, x̃" =
Nc

N #
k̃

eik̃·x̃f!X,k̃" , !21"

f!X,k̃" = #
x̃

e−ik̃·x̃f!X, x̃" , !22"

f!X,k̃" =
1
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ei!K+k̃"·Xf!K,k̃" , !23"

f!K,k̃" = #
X

e−i!K+k̃"·Xf!X,k̃" . !24"

To separate out the cluster degrees of freedom, the
hopping amplitude t and the self-energy # !defined from
the Green’s function via the Dyson equation G−1=G0

−1

−# with the noninteracting Green’s function G0" are
split into intracluster and intercluster parts,

t!x̃i − x̃j" = tc$x̃i,x̃j
+ $t!x̃i − x̃j" , !25"

!!x̃i − x̃j,z" = !c!z"$x̃i,x̃j
+ $!!x̃i − x̃j,z" . !26"

All the quantities are Nc%Nc matrices in the cluster
sites, tc= t!x̃=0" and !c!z"=!!x̃=0,z" are the intracluster
hopping and self-energy, while $t!x̃" and $!!x̃ ,z" are the
corresponding intercluster quantities which are only fi-
nite for x̃!0.

1. Cluster perturbation theory and cellular dynamical
mean-field theory

With these definitions we write the Green’s function
using a locator expansion, an expansion in $t and $!

around the cluster limit. In matrix notation in the Nc
cluster sites it reads

G!x̃i − x̃j,z" = g!z"$x̃ix̃j
+ g!z"#

l
$$t!x̃i − x̃l"

+ $!!x̃i − x̃l,z"%G!x̃l − x̃j,z" , !27"

where the Nc%Nc matrix

g!z" = $!z + &"1 − tc − !c!z"%−1 !28"

is the Green’s function of the cluster decoupled from the
remainder of the system !& is the chemical potential".
Since translational invariance in the superlattice x̃ is pre-
served, this expression may be simplified by Fourier
transforming the intercluster coordinates to give

G!k̃,z" = g!z" + g!z"$$t!k̃" + $!!k̃,z"%G!k̃,z" . !29"

The central approximation that unites all cluster for-
malisms is to truncate the self-energy to the cluster by
neglecting $! to arrive at

G!k̃,z" = g!z" + g!z"$t!k̃"G!k̃,z" = $g−1!z" − $t!k̃"%−1.

!30"

As we discuss in Sec. II.D.1, this approximation corre-
sponds to truncating the potential energy to the cluster.

The remaining self-energy term !c!z" implicitly con-
tained in the propagator g!z" in Eq. !30" is restricted to
the cluster degrees of freedom. Hence it can be calcu-
lated nonperturbatively in an effective cluster model as
a functional !c!z"=F$Ḡ!z"%, where

Ḡ!z" =
Nc

N #
k̃

G!k̃,z" !31"

is the k̃-averaged or coarse-grained G!k̃ ,z", i.e., the
Green’s function restricted to the cluster. As discussed in
the next section this approximation is consistent with
neglecting intercluster momentum conservation, i.e., ne-
glecting the phase factors eik̃·x̃ on the vertices of the self-
energy diagrams.

Using the expression !30" for the lattice Green’s func-
tion and the fact that g!z" does not depend on k̃, the
coarse-grained Green’s function Ḡ can be written as

Ḡ!z" = $g−1!z" − "!z"%−1, !32"

with a hybridization function " defined by

"!z" = &1 +
Nc

N #
k̃

$t!k̃"G!k̃,z"'−1

% &Nc

N #
k̃

$t!k̃"G!k̃,z"$t!k̃"' . !33"

Its physical content is that of an effective amplitude for
fermionic hopping processes from the cluster into the
host and back again into the cluster. The denominator in
Eq. !33" is a correction that excludes the cluster from the
effective medium. "!z" thus plays an analogous role to

FIG. 3. !Color in online edition" Definition of the coordinates
in real !left" and reciprocal !right" space illustrated for Nc=4
site clusters. The origin of a cluster is labeled by x̃, the sites
within a cluster by X. The reciprocal space to X is labeled by
K, the wave vectors of the superlattice, i.e., within a cell, by k̃.
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x=X+ x̃. The points x̃ form a superlattice with a recip-
rocal space labeled by k̃. The reciprocal space corre-
sponding to the sites X within a cluster shall be labeled
K, with K!=n!!2" /Lc" and integer n!. Then the wave
vectors in the full Brillouin zone are given by k=K+ k̃.

With these conventions, the Fourier transforms of a
given function f!X , x̃" for intracluster and intercluster
coordinates are defined as

f!X, x̃" =
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N #
k̃

eik̃·x̃f!X,k̃" , !21"

f!X,k̃" = #
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ei!K+k̃"·Xf!K,k̃" , !23"

f!K,k̃" = #
X

e−i!K+k̃"·Xf!X,k̃" . !24"

To separate out the cluster degrees of freedom, the
hopping amplitude t and the self-energy # !defined from
the Green’s function via the Dyson equation G−1=G0

−1

−# with the noninteracting Green’s function G0" are
split into intracluster and intercluster parts,

t!x̃i − x̃j" = tc$x̃i,x̃j
+ $t!x̃i − x̃j" , !25"

!!x̃i − x̃j,z" = !c!z"$x̃i,x̃j
+ $!!x̃i − x̃j,z" . !26"

All the quantities are Nc%Nc matrices in the cluster
sites, tc= t!x̃=0" and !c!z"=!!x̃=0,z" are the intracluster
hopping and self-energy, while $t!x̃" and $!!x̃ ,z" are the
corresponding intercluster quantities which are only fi-
nite for x̃!0.

1. Cluster perturbation theory and cellular dynamical
mean-field theory

With these definitions we write the Green’s function
using a locator expansion, an expansion in $t and $!

around the cluster limit. In matrix notation in the Nc
cluster sites it reads

G!x̃i − x̃j,z" = g!z"$x̃ix̃j
+ g!z"#

l
$$t!x̃i − x̃l"

+ $!!x̃i − x̃l,z"%G!x̃l − x̃j,z" , !27"

where the Nc%Nc matrix

g!z" = $!z + &"1 − tc − !c!z"%−1 !28"

is the Green’s function of the cluster decoupled from the
remainder of the system !& is the chemical potential".
Since translational invariance in the superlattice x̃ is pre-
served, this expression may be simplified by Fourier
transforming the intercluster coordinates to give

G!k̃,z" = g!z" + g!z"$$t!k̃" + $!!k̃,z"%G!k̃,z" . !29"

The central approximation that unites all cluster for-
malisms is to truncate the self-energy to the cluster by
neglecting $! to arrive at

G!k̃,z" = g!z" + g!z"$t!k̃"G!k̃,z" = $g−1!z" − $t!k̃"%−1.

!30"

As we discuss in Sec. II.D.1, this approximation corre-
sponds to truncating the potential energy to the cluster.

The remaining self-energy term !c!z" implicitly con-
tained in the propagator g!z" in Eq. !30" is restricted to
the cluster degrees of freedom. Hence it can be calcu-
lated nonperturbatively in an effective cluster model as
a functional !c!z"=F$Ḡ!z"%, where

Ḡ!z" =
Nc

N #
k̃

G!k̃,z" !31"

is the k̃-averaged or coarse-grained G!k̃ ,z", i.e., the
Green’s function restricted to the cluster. As discussed in
the next section this approximation is consistent with
neglecting intercluster momentum conservation, i.e., ne-
glecting the phase factors eik̃·x̃ on the vertices of the self-
energy diagrams.

Using the expression !30" for the lattice Green’s func-
tion and the fact that g!z" does not depend on k̃, the
coarse-grained Green’s function Ḡ can be written as

Ḡ!z" = $g−1!z" − "!z"%−1, !32"

with a hybridization function " defined by

"!z" = &1 +
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Its physical content is that of an effective amplitude for
fermionic hopping processes from the cluster into the
host and back again into the cluster. The denominator in
Eq. !33" is a correction that excludes the cluster from the
effective medium. "!z" thus plays an analogous role to
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x=X+ x̃. The points x̃ form a superlattice with a recip-
rocal space labeled by k̃. The reciprocal space corre-
sponding to the sites X within a cluster shall be labeled
K, with K!=n!!2" /Lc" and integer n!. Then the wave
vectors in the full Brillouin zone are given by k=K+ k̃.

With these conventions, the Fourier transforms of a
given function f!X , x̃" for intracluster and intercluster
coordinates are defined as

f!X, x̃" =
Nc

N #
k̃

eik̃·x̃f!X,k̃" , !21"

f!X,k̃" = #
x̃

e−ik̃·x̃f!X, x̃" , !22"

f!X,k̃" =
1

Nc
#
K

ei!K+k̃"·Xf!K,k̃" , !23"

f!K,k̃" = #
X

e−i!K+k̃"·Xf!X,k̃" . !24"

To separate out the cluster degrees of freedom, the
hopping amplitude t and the self-energy # !defined from
the Green’s function via the Dyson equation G−1=G0

−1

−# with the noninteracting Green’s function G0" are
split into intracluster and intercluster parts,

t!x̃i − x̃j" = tc$x̃i,x̃j
+ $t!x̃i − x̃j" , !25"

!!x̃i − x̃j,z" = !c!z"$x̃i,x̃j
+ $!!x̃i − x̃j,z" . !26"

All the quantities are Nc%Nc matrices in the cluster
sites, tc= t!x̃=0" and !c!z"=!!x̃=0,z" are the intracluster
hopping and self-energy, while $t!x̃" and $!!x̃ ,z" are the
corresponding intercluster quantities which are only fi-
nite for x̃!0.

1. Cluster perturbation theory and cellular dynamical
mean-field theory

With these definitions we write the Green’s function
using a locator expansion, an expansion in $t and $!

around the cluster limit. In matrix notation in the Nc
cluster sites it reads

G!x̃i − x̃j,z" = g!z"$x̃ix̃j
+ g!z"#

l
$$t!x̃i − x̃l"

+ $!!x̃i − x̃l,z"%G!x̃l − x̃j,z" , !27"

where the Nc%Nc matrix

g!z" = $!z + &"1 − tc − !c!z"%−1 !28"

is the Green’s function of the cluster decoupled from the
remainder of the system !& is the chemical potential".
Since translational invariance in the superlattice x̃ is pre-
served, this expression may be simplified by Fourier
transforming the intercluster coordinates to give

G!k̃,z" = g!z" + g!z"$$t!k̃" + $!!k̃,z"%G!k̃,z" . !29"

The central approximation that unites all cluster for-
malisms is to truncate the self-energy to the cluster by
neglecting $! to arrive at

G!k̃,z" = g!z" + g!z"$t!k̃"G!k̃,z" = $g−1!z" − $t!k̃"%−1.

!30"

As we discuss in Sec. II.D.1, this approximation corre-
sponds to truncating the potential energy to the cluster.

The remaining self-energy term !c!z" implicitly con-
tained in the propagator g!z" in Eq. !30" is restricted to
the cluster degrees of freedom. Hence it can be calcu-
lated nonperturbatively in an effective cluster model as
a functional !c!z"=F$Ḡ!z"%, where

Ḡ!z" =
Nc

N #
k̃

G!k̃,z" !31"

is the k̃-averaged or coarse-grained G!k̃ ,z", i.e., the
Green’s function restricted to the cluster. As discussed in
the next section this approximation is consistent with
neglecting intercluster momentum conservation, i.e., ne-
glecting the phase factors eik̃·x̃ on the vertices of the self-
energy diagrams.

Using the expression !30" for the lattice Green’s func-
tion and the fact that g!z" does not depend on k̃, the
coarse-grained Green’s function Ḡ can be written as

Ḡ!z" = $g−1!z" − "!z"%−1, !32"

with a hybridization function " defined by

"!z" = &1 +
Nc

N #
k̃

$t!k̃"G!k̃,z"'−1

% &Nc

N #
k̃

$t!k̃"G!k̃,z"$t!k̃"' . !33"

Its physical content is that of an effective amplitude for
fermionic hopping processes from the cluster into the
host and back again into the cluster. The denominator in
Eq. !33" is a correction that excludes the cluster from the
effective medium. "!z" thus plays an analogous role to

FIG. 3. !Color in online edition" Definition of the coordinates
in real !left" and reciprocal !right" space illustrated for Nc=4
site clusters. The origin of a cluster is labeled by x̃, the sites
within a cluster by X. The reciprocal space to X is labeled by
K, the wave vectors of the superlattice, i.e., within a cell, by k̃.
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x=X+ x̃. The points x̃ form a superlattice with a recip-
rocal space labeled by k̃. The reciprocal space corre-
sponding to the sites X within a cluster shall be labeled
K, with K!=n!!2" /Lc" and integer n!. Then the wave
vectors in the full Brillouin zone are given by k=K+ k̃.

With these conventions, the Fourier transforms of a
given function f!X , x̃" for intracluster and intercluster
coordinates are defined as

f!X, x̃" =
Nc

N #
k̃

eik̃·x̃f!X,k̃" , !21"

f!X,k̃" = #
x̃

e−ik̃·x̃f!X, x̃" , !22"

f!X,k̃" =
1

Nc
#
K

ei!K+k̃"·Xf!K,k̃" , !23"

f!K,k̃" = #
X

e−i!K+k̃"·Xf!X,k̃" . !24"

To separate out the cluster degrees of freedom, the
hopping amplitude t and the self-energy # !defined from
the Green’s function via the Dyson equation G−1=G0

−1

−# with the noninteracting Green’s function G0" are
split into intracluster and intercluster parts,

t!x̃i − x̃j" = tc$x̃i,x̃j
+ $t!x̃i − x̃j" , !25"

!!x̃i − x̃j,z" = !c!z"$x̃i,x̃j
+ $!!x̃i − x̃j,z" . !26"

All the quantities are Nc%Nc matrices in the cluster
sites, tc= t!x̃=0" and !c!z"=!!x̃=0,z" are the intracluster
hopping and self-energy, while $t!x̃" and $!!x̃ ,z" are the
corresponding intercluster quantities which are only fi-
nite for x̃!0.

1. Cluster perturbation theory and cellular dynamical
mean-field theory

With these definitions we write the Green’s function
using a locator expansion, an expansion in $t and $!

around the cluster limit. In matrix notation in the Nc
cluster sites it reads

G!x̃i − x̃j,z" = g!z"$x̃ix̃j
+ g!z"#

l
$$t!x̃i − x̃l"

+ $!!x̃i − x̃l,z"%G!x̃l − x̃j,z" , !27"

where the Nc%Nc matrix

g!z" = $!z + &"1 − tc − !c!z"%−1 !28"

is the Green’s function of the cluster decoupled from the
remainder of the system !& is the chemical potential".
Since translational invariance in the superlattice x̃ is pre-
served, this expression may be simplified by Fourier
transforming the intercluster coordinates to give

G!k̃,z" = g!z" + g!z"$$t!k̃" + $!!k̃,z"%G!k̃,z" . !29"

The central approximation that unites all cluster for-
malisms is to truncate the self-energy to the cluster by
neglecting $! to arrive at

G!k̃,z" = g!z" + g!z"$t!k̃"G!k̃,z" = $g−1!z" − $t!k̃"%−1.

!30"

As we discuss in Sec. II.D.1, this approximation corre-
sponds to truncating the potential energy to the cluster.

The remaining self-energy term !c!z" implicitly con-
tained in the propagator g!z" in Eq. !30" is restricted to
the cluster degrees of freedom. Hence it can be calcu-
lated nonperturbatively in an effective cluster model as
a functional !c!z"=F$Ḡ!z"%, where

Ḡ!z" =
Nc

N #
k̃

G!k̃,z" !31"

is the k̃-averaged or coarse-grained G!k̃ ,z", i.e., the
Green’s function restricted to the cluster. As discussed in
the next section this approximation is consistent with
neglecting intercluster momentum conservation, i.e., ne-
glecting the phase factors eik̃·x̃ on the vertices of the self-
energy diagrams.

Using the expression !30" for the lattice Green’s func-
tion and the fact that g!z" does not depend on k̃, the
coarse-grained Green’s function Ḡ can be written as

Ḡ!z" = $g−1!z" − "!z"%−1, !32"

with a hybridization function " defined by

"!z" = &1 +
Nc

N #
k̃

$t!k̃"G!k̃,z"'−1

% &Nc

N #
k̃

$t!k̃"G!k̃,z"$t!k̃"' . !33"

Its physical content is that of an effective amplitude for
fermionic hopping processes from the cluster into the
host and back again into the cluster. The denominator in
Eq. !33" is a correction that excludes the cluster from the
effective medium. "!z" thus plays an analogous role to

FIG. 3. !Color in online edition" Definition of the coordinates
in real !left" and reciprocal !right" space illustrated for Nc=4
site clusters. The origin of a cluster is labeled by x̃, the sites
within a cluster by X. The reciprocal space to X is labeled by
K, the wave vectors of the superlattice, i.e., within a cell, by k̃.
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Central Approximation: δΣ = 0

x=X+ x̃. The points x̃ form a superlattice with a recip-
rocal space labeled by k̃. The reciprocal space corre-
sponding to the sites X within a cluster shall be labeled
K, with K!=n!!2" /Lc" and integer n!. Then the wave
vectors in the full Brillouin zone are given by k=K+ k̃.

With these conventions, the Fourier transforms of a
given function f!X , x̃" for intracluster and intercluster
coordinates are defined as

f!X, x̃" =
Nc

N #
k̃

eik̃·x̃f!X,k̃" , !21"

f!X,k̃" = #
x̃

e−ik̃·x̃f!X, x̃" , !22"

f!X,k̃" =
1

Nc
#
K

ei!K+k̃"·Xf!K,k̃" , !23"

f!K,k̃" = #
X

e−i!K+k̃"·Xf!X,k̃" . !24"

To separate out the cluster degrees of freedom, the
hopping amplitude t and the self-energy # !defined from
the Green’s function via the Dyson equation G−1=G0

−1

−# with the noninteracting Green’s function G0" are
split into intracluster and intercluster parts,

t!x̃i − x̃j" = tc$x̃i,x̃j
+ $t!x̃i − x̃j" , !25"

!!x̃i − x̃j,z" = !c!z"$x̃i,x̃j
+ $!!x̃i − x̃j,z" . !26"

All the quantities are Nc%Nc matrices in the cluster
sites, tc= t!x̃=0" and !c!z"=!!x̃=0,z" are the intracluster
hopping and self-energy, while $t!x̃" and $!!x̃ ,z" are the
corresponding intercluster quantities which are only fi-
nite for x̃!0.

1. Cluster perturbation theory and cellular dynamical
mean-field theory

With these definitions we write the Green’s function
using a locator expansion, an expansion in $t and $!

around the cluster limit. In matrix notation in the Nc
cluster sites it reads

G!x̃i − x̃j,z" = g!z"$x̃ix̃j
+ g!z"#

l
$$t!x̃i − x̃l"

+ $!!x̃i − x̃l,z"%G!x̃l − x̃j,z" , !27"

where the Nc%Nc matrix

g!z" = $!z + &"1 − tc − !c!z"%−1 !28"

is the Green’s function of the cluster decoupled from the
remainder of the system !& is the chemical potential".
Since translational invariance in the superlattice x̃ is pre-
served, this expression may be simplified by Fourier
transforming the intercluster coordinates to give

G!k̃,z" = g!z" + g!z"$$t!k̃" + $!!k̃,z"%G!k̃,z" . !29"

The central approximation that unites all cluster for-
malisms is to truncate the self-energy to the cluster by
neglecting $! to arrive at

G!k̃,z" = g!z" + g!z"$t!k̃"G!k̃,z" = $g−1!z" − $t!k̃"%−1.

!30"

As we discuss in Sec. II.D.1, this approximation corre-
sponds to truncating the potential energy to the cluster.

The remaining self-energy term !c!z" implicitly con-
tained in the propagator g!z" in Eq. !30" is restricted to
the cluster degrees of freedom. Hence it can be calcu-
lated nonperturbatively in an effective cluster model as
a functional !c!z"=F$Ḡ!z"%, where

Ḡ!z" =
Nc

N #
k̃

G!k̃,z" !31"

is the k̃-averaged or coarse-grained G!k̃ ,z", i.e., the
Green’s function restricted to the cluster. As discussed in
the next section this approximation is consistent with
neglecting intercluster momentum conservation, i.e., ne-
glecting the phase factors eik̃·x̃ on the vertices of the self-
energy diagrams.

Using the expression !30" for the lattice Green’s func-
tion and the fact that g!z" does not depend on k̃, the
coarse-grained Green’s function Ḡ can be written as

Ḡ!z" = $g−1!z" − "!z"%−1, !32"

with a hybridization function " defined by

"!z" = &1 +
Nc

N #
k̃

$t!k̃"G!k̃,z"'−1

% &Nc

N #
k̃

$t!k̃"G!k̃,z"$t!k̃"' . !33"

Its physical content is that of an effective amplitude for
fermionic hopping processes from the cluster into the
host and back again into the cluster. The denominator in
Eq. !33" is a correction that excludes the cluster from the
effective medium. "!z" thus plays an analogous role to

FIG. 3. !Color in online edition" Definition of the coordinates
in real !left" and reciprocal !right" space illustrated for Nc=4
site clusters. The origin of a cluster is labeled by x̃, the sites
within a cluster by X. The reciprocal space to X is labeled by
K, the wave vectors of the superlattice, i.e., within a cell, by k̃.
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x=X+ x̃. The points x̃ form a superlattice with a recip-
rocal space labeled by k̃. The reciprocal space corre-
sponding to the sites X within a cluster shall be labeled
K, with K!=n!!2" /Lc" and integer n!. Then the wave
vectors in the full Brillouin zone are given by k=K+ k̃.

With these conventions, the Fourier transforms of a
given function f!X , x̃" for intracluster and intercluster
coordinates are defined as

f!X, x̃" =
Nc

N #
k̃

eik̃·x̃f!X,k̃" , !21"

f!X,k̃" = #
x̃

e−ik̃·x̃f!X, x̃" , !22"

f!X,k̃" =
1

Nc
#
K

ei!K+k̃"·Xf!K,k̃" , !23"

f!K,k̃" = #
X

e−i!K+k̃"·Xf!X,k̃" . !24"

To separate out the cluster degrees of freedom, the
hopping amplitude t and the self-energy # !defined from
the Green’s function via the Dyson equation G−1=G0

−1

−# with the noninteracting Green’s function G0" are
split into intracluster and intercluster parts,

t!x̃i − x̃j" = tc$x̃i,x̃j
+ $t!x̃i − x̃j" , !25"

!!x̃i − x̃j,z" = !c!z"$x̃i,x̃j
+ $!!x̃i − x̃j,z" . !26"

All the quantities are Nc%Nc matrices in the cluster
sites, tc= t!x̃=0" and !c!z"=!!x̃=0,z" are the intracluster
hopping and self-energy, while $t!x̃" and $!!x̃ ,z" are the
corresponding intercluster quantities which are only fi-
nite for x̃!0.

1. Cluster perturbation theory and cellular dynamical
mean-field theory

With these definitions we write the Green’s function
using a locator expansion, an expansion in $t and $!

around the cluster limit. In matrix notation in the Nc
cluster sites it reads

G!x̃i − x̃j,z" = g!z"$x̃ix̃j
+ g!z"#

l
$$t!x̃i − x̃l"

+ $!!x̃i − x̃l,z"%G!x̃l − x̃j,z" , !27"

where the Nc%Nc matrix

g!z" = $!z + &"1 − tc − !c!z"%−1 !28"

is the Green’s function of the cluster decoupled from the
remainder of the system !& is the chemical potential".
Since translational invariance in the superlattice x̃ is pre-
served, this expression may be simplified by Fourier
transforming the intercluster coordinates to give

G!k̃,z" = g!z" + g!z"$$t!k̃" + $!!k̃,z"%G!k̃,z" . !29"

The central approximation that unites all cluster for-
malisms is to truncate the self-energy to the cluster by
neglecting $! to arrive at

G!k̃,z" = g!z" + g!z"$t!k̃"G!k̃,z" = $g−1!z" − $t!k̃"%−1.

!30"

As we discuss in Sec. II.D.1, this approximation corre-
sponds to truncating the potential energy to the cluster.

The remaining self-energy term !c!z" implicitly con-
tained in the propagator g!z" in Eq. !30" is restricted to
the cluster degrees of freedom. Hence it can be calcu-
lated nonperturbatively in an effective cluster model as
a functional !c!z"=F$Ḡ!z"%, where

Ḡ!z" =
Nc

N #
k̃

G!k̃,z" !31"

is the k̃-averaged or coarse-grained G!k̃ ,z", i.e., the
Green’s function restricted to the cluster. As discussed in
the next section this approximation is consistent with
neglecting intercluster momentum conservation, i.e., ne-
glecting the phase factors eik̃·x̃ on the vertices of the self-
energy diagrams.

Using the expression !30" for the lattice Green’s func-
tion and the fact that g!z" does not depend on k̃, the
coarse-grained Green’s function Ḡ can be written as

Ḡ!z" = $g−1!z" − "!z"%−1, !32"

with a hybridization function " defined by

"!z" = &1 +
Nc

N #
k̃

$t!k̃"G!k̃,z"'−1

% &Nc

N #
k̃

$t!k̃"G!k̃,z"$t!k̃"' . !33"

Its physical content is that of an effective amplitude for
fermionic hopping processes from the cluster into the
host and back again into the cluster. The denominator in
Eq. !33" is a correction that excludes the cluster from the
effective medium. "!z" thus plays an analogous role to

FIG. 3. !Color in online edition" Definition of the coordinates
in real !left" and reciprocal !right" space illustrated for Nc=4
site clusters. The origin of a cluster is labeled by x̃, the sites
within a cluster by X. The reciprocal space to X is labeled by
K, the wave vectors of the superlattice, i.e., within a cell, by k̃.
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Intra- and inter-cluster hopping / self-energy:

Locator expansion for Green’s function

Superlattice Fourier-transform



How to restore translational invariance

Dynamic Cluster Approximation

that of the internal magnetic field in mean-field approxi-
mations of spin systems. However, due to the itinerant
character of the fermionic degrees of freedom, it is a
dynamical quantity.

Both the cluster perturbation theory and the cellular
DMFT formalisms may be defined at this point. A self-
consistent set of equations is formed from G as a func-
tional of !c using Eq. !30" together with Eq. !28", and
with an appropriate choice of a cluster solver !see Sec.
III", !c as a functional of Ḡ. In the cellular DMFT ap-
proximation the hybridization " is determined self-
consistently with Eq. !33", i.e., from the translational in-
variance of the superlattice. The resulting self-
consistency cycle is discussed in Sec. II.C.2. The cluster
perturbation theory formalism is obtained when " is ne-
glected. The Green’s function g!z" then becomes the
Green’s function of an isolated cluster and the cluster
perturbation theory result for the lattice Green’s func-
tion is obtained immediately via Eq. !30" without self-
consistency. Thus the renormalization of the cluster de-
grees of freedom due to the coupling to the host
described by " is neglected in the cluster perturbation
theory but included in the cellular DMFT formalism.

2. Dynamical cluster approximation

The dynamical cluster approximation !DCA" formal-
ism is motivated by the need to restore translational in-
variance within the cluster. Since the intercluster hop-
ping !t!k̃" is finite for sites on the surface of the cluster
and zero for bulk sites, only surface sites hybridize with
the host. Hence translational invariance with respect to
the cluster sites X is violated. The cause of this violation
can be seen by representing the hopping integral t!k̃" as
the intracluster Fourier transform of the dispersion "K+k̃
using Eq. !23",

#t!k̃"$XiXj
=

1
Nc

%
K

ei!K+k̃"·!Xi−Xj""K+k̃. !34"

The violation of translational symmetry is caused by the
phase factors eik̃·!Xi−Xj" associated with the superlattice
wave vectors k̃. Thus translational symmetry can be re-
stored by using the Fourier transform

#tDCA!k̃"$XiXj
= #t!k̃"$XiXj

e−ik̃·!Xi−Xj"

=
1

Nc
%
K

eiK·!Xi−Xj""K+k̃. !35"

Since tDCA is fully cyclic in the cluster sites, the DCA
intracluster and intercluster hopping integrals can be
written as cluster Fourier transforms

#tc,DCA$XiXj
=

1
Nc

%
K

eiK·!Xi−Xj""̄K, !36"

#!tDCA!k̃"$XiXj
=

1
Nc

%
K

eiK·!Xi−Xj"!t!K + k̃" !37"

with

"̄K =
Nc

N %
k̃

"K+k̃, !38"

!t!K + k̃" = "K+k̃ − "̄K. !39"

Since these hopping integrals retain translational in-
variance within the cluster, the cluster self-energy !c and
hybridization function " are translationally invariant.
The lattice Green’s function, Eq. !30", hence becomes
diagonal in cluster Fourier space,

G!K + k̃,z" = g!K,z" + g!K,z"!t!K + k̃"G!K + k̃,z"

=
1

g−1!K,z" − !t!K + k̃"
, !40"

with the Green’s function decoupled from the host,

g!K,z" = #z − "̄K + # − $c!K,z"$−1. !41"

Along the lines presented above, the DCA cluster self-
energy $c!K ,z" is calculated as a functional of the
coarse-grained Green’s function,

Ḡ!K,z" =
Nc

N %
k̃

G!K + k̃,z" =
1

g−1!K,z" − %!K,z"
, !42"

which defines the hybridization function

%!K,z" =

Nc

N %
k̃

!t2!K + k̃"G!K + k̃,z"

1 +
Nc

N %
k̃

!t!K + k̃"G!K + k̃,z"
. !43"

The self-consistent procedure for determining the DCA
cluster self-energy $c!K ,z" is analogous to that for cel-
lular DMFT and is discussed in detail in Sec. II.C.2. It is
also possible to formulate an analog to the cluster per-
turbation formalism based on the dynamical cluster ap-
proximation. The Green’s function g!K ,z" then becomes
the Green’s function of an isolated periodic cluster with
coarse-grained dispersion #Eq. !38"$ and interactions.
The result of this combined approach for the lattice
Green’s function is obtained immediately via Eq. !40"
without self-consistency.

B. Diagrammatic approach to quantum cluster theories

In this section we provide a microscopic derivation of
the cluster perturbation theory, cellular DMFT, and
DCA formalisms based on different cluster approxima-
tions to the diagrammatic expression for the grand po-
tential. The advantage of this approach is that it allows
us to apply almost all of the diagrammatic technology
that has been developed over the past several decades to
a new set of cluster formalisms. Furthermore we are
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that of the internal magnetic field in mean-field approxi-
mations of spin systems. However, due to the itinerant
character of the fermionic degrees of freedom, it is a
dynamical quantity.

Both the cluster perturbation theory and the cellular
DMFT formalisms may be defined at this point. A self-
consistent set of equations is formed from G as a func-
tional of !c using Eq. !30" together with Eq. !28", and
with an appropriate choice of a cluster solver !see Sec.
III", !c as a functional of Ḡ. In the cellular DMFT ap-
proximation the hybridization " is determined self-
consistently with Eq. !33", i.e., from the translational in-
variance of the superlattice. The resulting self-
consistency cycle is discussed in Sec. II.C.2. The cluster
perturbation theory formalism is obtained when " is ne-
glected. The Green’s function g!z" then becomes the
Green’s function of an isolated cluster and the cluster
perturbation theory result for the lattice Green’s func-
tion is obtained immediately via Eq. !30" without self-
consistency. Thus the renormalization of the cluster de-
grees of freedom due to the coupling to the host
described by " is neglected in the cluster perturbation
theory but included in the cellular DMFT formalism.

2. Dynamical cluster approximation

The dynamical cluster approximation !DCA" formal-
ism is motivated by the need to restore translational in-
variance within the cluster. Since the intercluster hop-
ping !t!k̃" is finite for sites on the surface of the cluster
and zero for bulk sites, only surface sites hybridize with
the host. Hence translational invariance with respect to
the cluster sites X is violated. The cause of this violation
can be seen by representing the hopping integral t!k̃" as
the intracluster Fourier transform of the dispersion "K+k̃
using Eq. !23",

#t!k̃"$XiXj
=

1
Nc

%
K

ei!K+k̃"·!Xi−Xj""K+k̃. !34"

The violation of translational symmetry is caused by the
phase factors eik̃·!Xi−Xj" associated with the superlattice
wave vectors k̃. Thus translational symmetry can be re-
stored by using the Fourier transform

#tDCA!k̃"$XiXj
= #t!k̃"$XiXj

e−ik̃·!Xi−Xj"

=
1

Nc
%
K

eiK·!Xi−Xj""K+k̃. !35"

Since tDCA is fully cyclic in the cluster sites, the DCA
intracluster and intercluster hopping integrals can be
written as cluster Fourier transforms

#tc,DCA$XiXj
=

1
Nc

%
K

eiK·!Xi−Xj""̄K, !36"

#!tDCA!k̃"$XiXj
=

1
Nc

%
K

eiK·!Xi−Xj"!t!K + k̃" !37"

with

"̄K =
Nc

N %
k̃

"K+k̃, !38"

!t!K + k̃" = "K+k̃ − "̄K. !39"

Since these hopping integrals retain translational in-
variance within the cluster, the cluster self-energy !c and
hybridization function " are translationally invariant.
The lattice Green’s function, Eq. !30", hence becomes
diagonal in cluster Fourier space,

G!K + k̃,z" = g!K,z" + g!K,z"!t!K + k̃"G!K + k̃,z"

=
1

g−1!K,z" − !t!K + k̃"
, !40"

with the Green’s function decoupled from the host,

g!K,z" = #z − "̄K + # − $c!K,z"$−1. !41"

Along the lines presented above, the DCA cluster self-
energy $c!K ,z" is calculated as a functional of the
coarse-grained Green’s function,

Ḡ!K,z" =
Nc

N %
k̃

G!K + k̃,z" =
1

g−1!K,z" − %!K,z"
, !42"

which defines the hybridization function

%!K,z" =

Nc

N %
k̃

!t2!K + k̃"G!K + k̃,z"

1 +
Nc

N %
k̃

!t!K + k̃"G!K + k̃,z"
. !43"

The self-consistent procedure for determining the DCA
cluster self-energy $c!K ,z" is analogous to that for cel-
lular DMFT and is discussed in detail in Sec. II.C.2. It is
also possible to formulate an analog to the cluster per-
turbation formalism based on the dynamical cluster ap-
proximation. The Green’s function g!K ,z" then becomes
the Green’s function of an isolated periodic cluster with
coarse-grained dispersion #Eq. !38"$ and interactions.
The result of this combined approach for the lattice
Green’s function is obtained immediately via Eq. !40"
without self-consistency.

B. Diagrammatic approach to quantum cluster theories

In this section we provide a microscopic derivation of
the cluster perturbation theory, cellular DMFT, and
DCA formalisms based on different cluster approxima-
tions to the diagrammatic expression for the grand po-
tential. The advantage of this approach is that it allows
us to apply almost all of the diagrammatic technology
that has been developed over the past several decades to
a new set of cluster formalisms. Furthermore we are
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Phase factors                  break translational symmetry in cluster

Use 

that of the internal magnetic field in mean-field approxi-
mations of spin systems. However, due to the itinerant
character of the fermionic degrees of freedom, it is a
dynamical quantity.

Both the cluster perturbation theory and the cellular
DMFT formalisms may be defined at this point. A self-
consistent set of equations is formed from G as a func-
tional of !c using Eq. !30" together with Eq. !28", and
with an appropriate choice of a cluster solver !see Sec.
III", !c as a functional of Ḡ. In the cellular DMFT ap-
proximation the hybridization " is determined self-
consistently with Eq. !33", i.e., from the translational in-
variance of the superlattice. The resulting self-
consistency cycle is discussed in Sec. II.C.2. The cluster
perturbation theory formalism is obtained when " is ne-
glected. The Green’s function g!z" then becomes the
Green’s function of an isolated cluster and the cluster
perturbation theory result for the lattice Green’s func-
tion is obtained immediately via Eq. !30" without self-
consistency. Thus the renormalization of the cluster de-
grees of freedom due to the coupling to the host
described by " is neglected in the cluster perturbation
theory but included in the cellular DMFT formalism.

2. Dynamical cluster approximation

The dynamical cluster approximation !DCA" formal-
ism is motivated by the need to restore translational in-
variance within the cluster. Since the intercluster hop-
ping !t!k̃" is finite for sites on the surface of the cluster
and zero for bulk sites, only surface sites hybridize with
the host. Hence translational invariance with respect to
the cluster sites X is violated. The cause of this violation
can be seen by representing the hopping integral t!k̃" as
the intracluster Fourier transform of the dispersion "K+k̃
using Eq. !23",

#t!k̃"$XiXj
=

1
Nc

%
K

ei!K+k̃"·!Xi−Xj""K+k̃. !34"

The violation of translational symmetry is caused by the
phase factors eik̃·!Xi−Xj" associated with the superlattice
wave vectors k̃. Thus translational symmetry can be re-
stored by using the Fourier transform

#tDCA!k̃"$XiXj
= #t!k̃"$XiXj

e−ik̃·!Xi−Xj"

=
1

Nc
%
K

eiK·!Xi−Xj""K+k̃. !35"

Since tDCA is fully cyclic in the cluster sites, the DCA
intracluster and intercluster hopping integrals can be
written as cluster Fourier transforms

#tc,DCA$XiXj
=

1
Nc

%
K

eiK·!Xi−Xj""̄K, !36"

#!tDCA!k̃"$XiXj
=

1
Nc

%
K

eiK·!Xi−Xj"!t!K + k̃" !37"

with

"̄K =
Nc

N %
k̃

"K+k̃, !38"

!t!K + k̃" = "K+k̃ − "̄K. !39"

Since these hopping integrals retain translational in-
variance within the cluster, the cluster self-energy !c and
hybridization function " are translationally invariant.
The lattice Green’s function, Eq. !30", hence becomes
diagonal in cluster Fourier space,

G!K + k̃,z" = g!K,z" + g!K,z"!t!K + k̃"G!K + k̃,z"

=
1

g−1!K,z" − !t!K + k̃"
, !40"

with the Green’s function decoupled from the host,

g!K,z" = #z − "̄K + # − $c!K,z"$−1. !41"

Along the lines presented above, the DCA cluster self-
energy $c!K ,z" is calculated as a functional of the
coarse-grained Green’s function,

Ḡ!K,z" =
Nc

N %
k̃

G!K + k̃,z" =
1

g−1!K,z" − %!K,z"
, !42"

which defines the hybridization function

%!K,z" =

Nc

N %
k̃

!t2!K + k̃"G!K + k̃,z"

1 +
Nc

N %
k̃

!t!K + k̃"G!K + k̃,z"
. !43"

The self-consistent procedure for determining the DCA
cluster self-energy $c!K ,z" is analogous to that for cel-
lular DMFT and is discussed in detail in Sec. II.C.2. It is
also possible to formulate an analog to the cluster per-
turbation formalism based on the dynamical cluster ap-
proximation. The Green’s function g!K ,z" then becomes
the Green’s function of an isolated periodic cluster with
coarse-grained dispersion #Eq. !38"$ and interactions.
The result of this combined approach for the lattice
Green’s function is obtained immediately via Eq. !40"
without self-consistency.

B. Diagrammatic approach to quantum cluster theories

In this section we provide a microscopic derivation of
the cluster perturbation theory, cellular DMFT, and
DCA formalisms based on different cluster approxima-
tions to the diagrammatic expression for the grand po-
tential. The advantage of this approach is that it allows
us to apply almost all of the diagrammatic technology
that has been developed over the past several decades to
a new set of cluster formalisms. Furthermore we are
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instead, to restore translational invariance 

that of the internal magnetic field in mean-field approxi-
mations of spin systems. However, due to the itinerant
character of the fermionic degrees of freedom, it is a
dynamical quantity.

Both the cluster perturbation theory and the cellular
DMFT formalisms may be defined at this point. A self-
consistent set of equations is formed from G as a func-
tional of !c using Eq. !30" together with Eq. !28", and
with an appropriate choice of a cluster solver !see Sec.
III", !c as a functional of Ḡ. In the cellular DMFT ap-
proximation the hybridization " is determined self-
consistently with Eq. !33", i.e., from the translational in-
variance of the superlattice. The resulting self-
consistency cycle is discussed in Sec. II.C.2. The cluster
perturbation theory formalism is obtained when " is ne-
glected. The Green’s function g!z" then becomes the
Green’s function of an isolated cluster and the cluster
perturbation theory result for the lattice Green’s func-
tion is obtained immediately via Eq. !30" without self-
consistency. Thus the renormalization of the cluster de-
grees of freedom due to the coupling to the host
described by " is neglected in the cluster perturbation
theory but included in the cellular DMFT formalism.

2. Dynamical cluster approximation

The dynamical cluster approximation !DCA" formal-
ism is motivated by the need to restore translational in-
variance within the cluster. Since the intercluster hop-
ping !t!k̃" is finite for sites on the surface of the cluster
and zero for bulk sites, only surface sites hybridize with
the host. Hence translational invariance with respect to
the cluster sites X is violated. The cause of this violation
can be seen by representing the hopping integral t!k̃" as
the intracluster Fourier transform of the dispersion "K+k̃
using Eq. !23",

#t!k̃"$XiXj
=

1
Nc

%
K

ei!K+k̃"·!Xi−Xj""K+k̃. !34"

The violation of translational symmetry is caused by the
phase factors eik̃·!Xi−Xj" associated with the superlattice
wave vectors k̃. Thus translational symmetry can be re-
stored by using the Fourier transform

#tDCA!k̃"$XiXj
= #t!k̃"$XiXj

e−ik̃·!Xi−Xj"

=
1

Nc
%
K

eiK·!Xi−Xj""K+k̃. !35"

Since tDCA is fully cyclic in the cluster sites, the DCA
intracluster and intercluster hopping integrals can be
written as cluster Fourier transforms

#tc,DCA$XiXj
=

1
Nc

%
K

eiK·!Xi−Xj""̄K, !36"

#!tDCA!k̃"$XiXj
=

1
Nc

%
K

eiK·!Xi−Xj"!t!K + k̃" !37"

with

"̄K =
Nc

N %
k̃

"K+k̃, !38"

!t!K + k̃" = "K+k̃ − "̄K. !39"

Since these hopping integrals retain translational in-
variance within the cluster, the cluster self-energy !c and
hybridization function " are translationally invariant.
The lattice Green’s function, Eq. !30", hence becomes
diagonal in cluster Fourier space,

G!K + k̃,z" = g!K,z" + g!K,z"!t!K + k̃"G!K + k̃,z"

=
1

g−1!K,z" − !t!K + k̃"
, !40"

with the Green’s function decoupled from the host,

g!K,z" = #z − "̄K + # − $c!K,z"$−1. !41"

Along the lines presented above, the DCA cluster self-
energy $c!K ,z" is calculated as a functional of the
coarse-grained Green’s function,

Ḡ!K,z" =
Nc

N %
k̃

G!K + k̃,z" =
1

g−1!K,z" − %!K,z"
, !42"

which defines the hybridization function

%!K,z" =

Nc

N %
k̃

!t2!K + k̃"G!K + k̃,z"

1 +
Nc

N %
k̃

!t!K + k̃"G!K + k̃,z"
. !43"

The self-consistent procedure for determining the DCA
cluster self-energy $c!K ,z" is analogous to that for cel-
lular DMFT and is discussed in detail in Sec. II.C.2. It is
also possible to formulate an analog to the cluster per-
turbation formalism based on the dynamical cluster ap-
proximation. The Green’s function g!K ,z" then becomes
the Green’s function of an isolated periodic cluster with
coarse-grained dispersion #Eq. !38"$ and interactions.
The result of this combined approach for the lattice
Green’s function is obtained immediately via Eq. !40"
without self-consistency.

B. Diagrammatic approach to quantum cluster theories

In this section we provide a microscopic derivation of
the cluster perturbation theory, cellular DMFT, and
DCA formalisms based on different cluster approxima-
tions to the diagrammatic expression for the grand po-
tential. The advantage of this approach is that it allows
us to apply almost all of the diagrammatic technology
that has been developed over the past several decades to
a new set of cluster formalisms. Furthermore we are
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that of the internal magnetic field in mean-field approxi-
mations of spin systems. However, due to the itinerant
character of the fermionic degrees of freedom, it is a
dynamical quantity.

Both the cluster perturbation theory and the cellular
DMFT formalisms may be defined at this point. A self-
consistent set of equations is formed from G as a func-
tional of !c using Eq. !30" together with Eq. !28", and
with an appropriate choice of a cluster solver !see Sec.
III", !c as a functional of Ḡ. In the cellular DMFT ap-
proximation the hybridization " is determined self-
consistently with Eq. !33", i.e., from the translational in-
variance of the superlattice. The resulting self-
consistency cycle is discussed in Sec. II.C.2. The cluster
perturbation theory formalism is obtained when " is ne-
glected. The Green’s function g!z" then becomes the
Green’s function of an isolated cluster and the cluster
perturbation theory result for the lattice Green’s func-
tion is obtained immediately via Eq. !30" without self-
consistency. Thus the renormalization of the cluster de-
grees of freedom due to the coupling to the host
described by " is neglected in the cluster perturbation
theory but included in the cellular DMFT formalism.

2. Dynamical cluster approximation

The dynamical cluster approximation !DCA" formal-
ism is motivated by the need to restore translational in-
variance within the cluster. Since the intercluster hop-
ping !t!k̃" is finite for sites on the surface of the cluster
and zero for bulk sites, only surface sites hybridize with
the host. Hence translational invariance with respect to
the cluster sites X is violated. The cause of this violation
can be seen by representing the hopping integral t!k̃" as
the intracluster Fourier transform of the dispersion "K+k̃
using Eq. !23",

#t!k̃"$XiXj
=

1
Nc

%
K

ei!K+k̃"·!Xi−Xj""K+k̃. !34"

The violation of translational symmetry is caused by the
phase factors eik̃·!Xi−Xj" associated with the superlattice
wave vectors k̃. Thus translational symmetry can be re-
stored by using the Fourier transform

#tDCA!k̃"$XiXj
= #t!k̃"$XiXj

e−ik̃·!Xi−Xj"

=
1

Nc
%
K

eiK·!Xi−Xj""K+k̃. !35"

Since tDCA is fully cyclic in the cluster sites, the DCA
intracluster and intercluster hopping integrals can be
written as cluster Fourier transforms

#tc,DCA$XiXj
=

1
Nc

%
K

eiK·!Xi−Xj""̄K, !36"

#!tDCA!k̃"$XiXj
=

1
Nc

%
K

eiK·!Xi−Xj"!t!K + k̃" !37"

with

"̄K =
Nc

N %
k̃

"K+k̃, !38"

!t!K + k̃" = "K+k̃ − "̄K. !39"

Since these hopping integrals retain translational in-
variance within the cluster, the cluster self-energy !c and
hybridization function " are translationally invariant.
The lattice Green’s function, Eq. !30", hence becomes
diagonal in cluster Fourier space,

G!K + k̃,z" = g!K,z" + g!K,z"!t!K + k̃"G!K + k̃,z"

=
1

g−1!K,z" − !t!K + k̃"
, !40"

with the Green’s function decoupled from the host,

g!K,z" = #z − "̄K + # − $c!K,z"$−1. !41"

Along the lines presented above, the DCA cluster self-
energy $c!K ,z" is calculated as a functional of the
coarse-grained Green’s function,

Ḡ!K,z" =
Nc

N %
k̃

G!K + k̃,z" =
1

g−1!K,z" − %!K,z"
, !42"

which defines the hybridization function

%!K,z" =

Nc

N %
k̃

!t2!K + k̃"G!K + k̃,z"

1 +
Nc

N %
k̃

!t!K + k̃"G!K + k̃,z"
. !43"

The self-consistent procedure for determining the DCA
cluster self-energy $c!K ,z" is analogous to that for cel-
lular DMFT and is discussed in detail in Sec. II.C.2. It is
also possible to formulate an analog to the cluster per-
turbation formalism based on the dynamical cluster ap-
proximation. The Green’s function g!K ,z" then becomes
the Green’s function of an isolated periodic cluster with
coarse-grained dispersion #Eq. !38"$ and interactions.
The result of this combined approach for the lattice
Green’s function is obtained immediately via Eq. !40"
without self-consistency.

B. Diagrammatic approach to quantum cluster theories

In this section we provide a microscopic derivation of
the cluster perturbation theory, cellular DMFT, and
DCA formalisms based on different cluster approxima-
tions to the diagrammatic expression for the grand po-
tential. The advantage of this approach is that it allows
us to apply almost all of the diagrammatic technology
that has been developed over the past several decades to
a new set of cluster formalisms. Furthermore we are
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that of the internal magnetic field in mean-field approxi-
mations of spin systems. However, due to the itinerant
character of the fermionic degrees of freedom, it is a
dynamical quantity.

Both the cluster perturbation theory and the cellular
DMFT formalisms may be defined at this point. A self-
consistent set of equations is formed from G as a func-
tional of !c using Eq. !30" together with Eq. !28", and
with an appropriate choice of a cluster solver !see Sec.
III", !c as a functional of Ḡ. In the cellular DMFT ap-
proximation the hybridization " is determined self-
consistently with Eq. !33", i.e., from the translational in-
variance of the superlattice. The resulting self-
consistency cycle is discussed in Sec. II.C.2. The cluster
perturbation theory formalism is obtained when " is ne-
glected. The Green’s function g!z" then becomes the
Green’s function of an isolated cluster and the cluster
perturbation theory result for the lattice Green’s func-
tion is obtained immediately via Eq. !30" without self-
consistency. Thus the renormalization of the cluster de-
grees of freedom due to the coupling to the host
described by " is neglected in the cluster perturbation
theory but included in the cellular DMFT formalism.

2. Dynamical cluster approximation

The dynamical cluster approximation !DCA" formal-
ism is motivated by the need to restore translational in-
variance within the cluster. Since the intercluster hop-
ping !t!k̃" is finite for sites on the surface of the cluster
and zero for bulk sites, only surface sites hybridize with
the host. Hence translational invariance with respect to
the cluster sites X is violated. The cause of this violation
can be seen by representing the hopping integral t!k̃" as
the intracluster Fourier transform of the dispersion "K+k̃
using Eq. !23",

#t!k̃"$XiXj
=

1
Nc

%
K

ei!K+k̃"·!Xi−Xj""K+k̃. !34"

The violation of translational symmetry is caused by the
phase factors eik̃·!Xi−Xj" associated with the superlattice
wave vectors k̃. Thus translational symmetry can be re-
stored by using the Fourier transform

#tDCA!k̃"$XiXj
= #t!k̃"$XiXj

e−ik̃·!Xi−Xj"

=
1

Nc
%
K

eiK·!Xi−Xj""K+k̃. !35"

Since tDCA is fully cyclic in the cluster sites, the DCA
intracluster and intercluster hopping integrals can be
written as cluster Fourier transforms

#tc,DCA$XiXj
=

1
Nc

%
K

eiK·!Xi−Xj""̄K, !36"

#!tDCA!k̃"$XiXj
=

1
Nc

%
K

eiK·!Xi−Xj"!t!K + k̃" !37"

with

"̄K =
Nc

N %
k̃

"K+k̃, !38"

!t!K + k̃" = "K+k̃ − "̄K. !39"

Since these hopping integrals retain translational in-
variance within the cluster, the cluster self-energy !c and
hybridization function " are translationally invariant.
The lattice Green’s function, Eq. !30", hence becomes
diagonal in cluster Fourier space,

G!K + k̃,z" = g!K,z" + g!K,z"!t!K + k̃"G!K + k̃,z"

=
1

g−1!K,z" − !t!K + k̃"
, !40"

with the Green’s function decoupled from the host,

g!K,z" = #z − "̄K + # − $c!K,z"$−1. !41"

Along the lines presented above, the DCA cluster self-
energy $c!K ,z" is calculated as a functional of the
coarse-grained Green’s function,

Ḡ!K,z" =
Nc

N %
k̃

G!K + k̃,z" =
1

g−1!K,z" − %!K,z"
, !42"

which defines the hybridization function

%!K,z" =

Nc

N %
k̃

!t2!K + k̃"G!K + k̃,z"

1 +
Nc

N %
k̃

!t!K + k̃"G!K + k̃,z"
. !43"

The self-consistent procedure for determining the DCA
cluster self-energy $c!K ,z" is analogous to that for cel-
lular DMFT and is discussed in detail in Sec. II.C.2. It is
also possible to formulate an analog to the cluster per-
turbation formalism based on the dynamical cluster ap-
proximation. The Green’s function g!K ,z" then becomes
the Green’s function of an isolated periodic cluster with
coarse-grained dispersion #Eq. !38"$ and interactions.
The result of this combined approach for the lattice
Green’s function is obtained immediately via Eq. !40"
without self-consistency.

B. Diagrammatic approach to quantum cluster theories

In this section we provide a microscopic derivation of
the cluster perturbation theory, cellular DMFT, and
DCA formalisms based on different cluster approxima-
tions to the diagrammatic expression for the grand po-
tential. The advantage of this approach is that it allows
us to apply almost all of the diagrammatic technology
that has been developed over the past several decades to
a new set of cluster formalisms. Furthermore we are
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that of the internal magnetic field in mean-field approxi-
mations of spin systems. However, due to the itinerant
character of the fermionic degrees of freedom, it is a
dynamical quantity.

Both the cluster perturbation theory and the cellular
DMFT formalisms may be defined at this point. A self-
consistent set of equations is formed from G as a func-
tional of !c using Eq. !30" together with Eq. !28", and
with an appropriate choice of a cluster solver !see Sec.
III", !c as a functional of Ḡ. In the cellular DMFT ap-
proximation the hybridization " is determined self-
consistently with Eq. !33", i.e., from the translational in-
variance of the superlattice. The resulting self-
consistency cycle is discussed in Sec. II.C.2. The cluster
perturbation theory formalism is obtained when " is ne-
glected. The Green’s function g!z" then becomes the
Green’s function of an isolated cluster and the cluster
perturbation theory result for the lattice Green’s func-
tion is obtained immediately via Eq. !30" without self-
consistency. Thus the renormalization of the cluster de-
grees of freedom due to the coupling to the host
described by " is neglected in the cluster perturbation
theory but included in the cellular DMFT formalism.

2. Dynamical cluster approximation

The dynamical cluster approximation !DCA" formal-
ism is motivated by the need to restore translational in-
variance within the cluster. Since the intercluster hop-
ping !t!k̃" is finite for sites on the surface of the cluster
and zero for bulk sites, only surface sites hybridize with
the host. Hence translational invariance with respect to
the cluster sites X is violated. The cause of this violation
can be seen by representing the hopping integral t!k̃" as
the intracluster Fourier transform of the dispersion "K+k̃
using Eq. !23",

#t!k̃"$XiXj
=

1
Nc

%
K

ei!K+k̃"·!Xi−Xj""K+k̃. !34"

The violation of translational symmetry is caused by the
phase factors eik̃·!Xi−Xj" associated with the superlattice
wave vectors k̃. Thus translational symmetry can be re-
stored by using the Fourier transform

#tDCA!k̃"$XiXj
= #t!k̃"$XiXj

e−ik̃·!Xi−Xj"

=
1

Nc
%
K

eiK·!Xi−Xj""K+k̃. !35"

Since tDCA is fully cyclic in the cluster sites, the DCA
intracluster and intercluster hopping integrals can be
written as cluster Fourier transforms

#tc,DCA$XiXj
=

1
Nc

%
K

eiK·!Xi−Xj""̄K, !36"

#!tDCA!k̃"$XiXj
=

1
Nc

%
K

eiK·!Xi−Xj"!t!K + k̃" !37"

with

"̄K =
Nc

N %
k̃

"K+k̃, !38"

!t!K + k̃" = "K+k̃ − "̄K. !39"

Since these hopping integrals retain translational in-
variance within the cluster, the cluster self-energy !c and
hybridization function " are translationally invariant.
The lattice Green’s function, Eq. !30", hence becomes
diagonal in cluster Fourier space,
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The self-consistent procedure for determining the DCA
cluster self-energy $c!K ,z" is analogous to that for cel-
lular DMFT and is discussed in detail in Sec. II.C.2. It is
also possible to formulate an analog to the cluster per-
turbation formalism based on the dynamical cluster ap-
proximation. The Green’s function g!K ,z" then becomes
the Green’s function of an isolated periodic cluster with
coarse-grained dispersion #Eq. !38"$ and interactions.
The result of this combined approach for the lattice
Green’s function is obtained immediately via Eq. !40"
without self-consistency.

B. Diagrammatic approach to quantum cluster theories

In this section we provide a microscopic derivation of
the cluster perturbation theory, cellular DMFT, and
DCA formalisms based on different cluster approxima-
tions to the diagrammatic expression for the grand po-
tential. The advantage of this approach is that it allows
us to apply almost all of the diagrammatic technology
that has been developed over the past several decades to
a new set of cluster formalisms. Furthermore we are
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character of the fermionic degrees of freedom, it is a
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Both the cluster perturbation theory and the cellular
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tional of !c using Eq. !30" together with Eq. !28", and
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tion is obtained immediately via Eq. !30" without self-
consistency. Thus the renormalization of the cluster de-
grees of freedom due to the coupling to the host
described by " is neglected in the cluster perturbation
theory but included in the cellular DMFT formalism.

2. Dynamical cluster approximation
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ism is motivated by the need to restore translational in-
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=
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g−1!K,z" − !t!K + k̃"
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The self-consistent procedure for determining the DCA
cluster self-energy $c!K ,z" is analogous to that for cel-
lular DMFT and is discussed in detail in Sec. II.C.2. It is
also possible to formulate an analog to the cluster per-
turbation formalism based on the dynamical cluster ap-
proximation. The Green’s function g!K ,z" then becomes
the Green’s function of an isolated periodic cluster with
coarse-grained dispersion #Eq. !38"$ and interactions.
The result of this combined approach for the lattice
Green’s function is obtained immediately via Eq. !40"
without self-consistency.

B. Diagrammatic approach to quantum cluster theories

In this section we provide a microscopic derivation of
the cluster perturbation theory, cellular DMFT, and
DCA formalisms based on different cluster approxima-
tions to the diagrammatic expression for the grand po-
tential. The advantage of this approach is that it allows
us to apply almost all of the diagrammatic technology
that has been developed over the past several decades to
a new set of cluster formalisms. Furthermore we are
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consistency cycle is discussed in Sec. II.C.2. The cluster
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glected. The Green’s function g!z" then becomes the
Green’s function of an isolated cluster and the cluster
perturbation theory result for the lattice Green’s func-
tion is obtained immediately via Eq. !30" without self-
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grees of freedom due to the coupling to the host
described by " is neglected in the cluster perturbation
theory but included in the cellular DMFT formalism.

2. Dynamical cluster approximation

The dynamical cluster approximation !DCA" formal-
ism is motivated by the need to restore translational in-
variance within the cluster. Since the intercluster hop-
ping !t!k̃" is finite for sites on the surface of the cluster
and zero for bulk sites, only surface sites hybridize with
the host. Hence translational invariance with respect to
the cluster sites X is violated. The cause of this violation
can be seen by representing the hopping integral t!k̃" as
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phase factors eik̃·!Xi−Xj" associated with the superlattice
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variance within the cluster, the cluster self-energy !c and
hybridization function " are translationally invariant.
The lattice Green’s function, Eq. !30", hence becomes
diagonal in cluster Fourier space,

G!K + k̃,z" = g!K,z" + g!K,z"!t!K + k̃"G!K + k̃,z"

=
1
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, !40"

with the Green’s function decoupled from the host,

g!K,z" = #z − "̄K + # − $c!K,z"$−1. !41"

Along the lines presented above, the DCA cluster self-
energy $c!K ,z" is calculated as a functional of the
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The self-consistent procedure for determining the DCA
cluster self-energy $c!K ,z" is analogous to that for cel-
lular DMFT and is discussed in detail in Sec. II.C.2. It is
also possible to formulate an analog to the cluster per-
turbation formalism based on the dynamical cluster ap-
proximation. The Green’s function g!K ,z" then becomes
the Green’s function of an isolated periodic cluster with
coarse-grained dispersion #Eq. !38"$ and interactions.
The result of this combined approach for the lattice
Green’s function is obtained immediately via Eq. !40"
without self-consistency.

B. Diagrammatic approach to quantum cluster theories

In this section we provide a microscopic derivation of
the cluster perturbation theory, cellular DMFT, and
DCA formalisms based on different cluster approxima-
tions to the diagrammatic expression for the grand po-
tential. The advantage of this approach is that it allows
us to apply almost all of the diagrammatic technology
that has been developed over the past several decades to
a new set of cluster formalisms. Furthermore we are
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mations of spin systems. However, due to the itinerant
character of the fermionic degrees of freedom, it is a
dynamical quantity.

Both the cluster perturbation theory and the cellular
DMFT formalisms may be defined at this point. A self-
consistent set of equations is formed from G as a func-
tional of !c using Eq. !30" together with Eq. !28", and
with an appropriate choice of a cluster solver !see Sec.
III", !c as a functional of Ḡ. In the cellular DMFT ap-
proximation the hybridization " is determined self-
consistently with Eq. !33", i.e., from the translational in-
variance of the superlattice. The resulting self-
consistency cycle is discussed in Sec. II.C.2. The cluster
perturbation theory formalism is obtained when " is ne-
glected. The Green’s function g!z" then becomes the
Green’s function of an isolated cluster and the cluster
perturbation theory result for the lattice Green’s func-
tion is obtained immediately via Eq. !30" without self-
consistency. Thus the renormalization of the cluster de-
grees of freedom due to the coupling to the host
described by " is neglected in the cluster perturbation
theory but included in the cellular DMFT formalism.

2. Dynamical cluster approximation

The dynamical cluster approximation !DCA" formal-
ism is motivated by the need to restore translational in-
variance within the cluster. Since the intercluster hop-
ping !t!k̃" is finite for sites on the surface of the cluster
and zero for bulk sites, only surface sites hybridize with
the host. Hence translational invariance with respect to
the cluster sites X is violated. The cause of this violation
can be seen by representing the hopping integral t!k̃" as
the intracluster Fourier transform of the dispersion "K+k̃
using Eq. !23",
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=

1
Nc

%
K

ei!K+k̃"·!Xi−Xj""K+k̃. !34"

The violation of translational symmetry is caused by the
phase factors eik̃·!Xi−Xj" associated with the superlattice
wave vectors k̃. Thus translational symmetry can be re-
stored by using the Fourier transform
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=
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Since tDCA is fully cyclic in the cluster sites, the DCA
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with
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Since these hopping integrals retain translational in-
variance within the cluster, the cluster self-energy !c and
hybridization function " are translationally invariant.
The lattice Green’s function, Eq. !30", hence becomes
diagonal in cluster Fourier space,

G!K + k̃,z" = g!K,z" + g!K,z"!t!K + k̃"G!K + k̃,z"

=
1

g−1!K,z" − !t!K + k̃"
, !40"

with the Green’s function decoupled from the host,

g!K,z" = #z − "̄K + # − $c!K,z"$−1. !41"

Along the lines presented above, the DCA cluster self-
energy $c!K ,z" is calculated as a functional of the
coarse-grained Green’s function,
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The self-consistent procedure for determining the DCA
cluster self-energy $c!K ,z" is analogous to that for cel-
lular DMFT and is discussed in detail in Sec. II.C.2. It is
also possible to formulate an analog to the cluster per-
turbation formalism based on the dynamical cluster ap-
proximation. The Green’s function g!K ,z" then becomes
the Green’s function of an isolated periodic cluster with
coarse-grained dispersion #Eq. !38"$ and interactions.
The result of this combined approach for the lattice
Green’s function is obtained immediately via Eq. !40"
without self-consistency.

B. Diagrammatic approach to quantum cluster theories

In this section we provide a microscopic derivation of
the cluster perturbation theory, cellular DMFT, and
DCA formalisms based on different cluster approxima-
tions to the diagrammatic expression for the grand po-
tential. The advantage of this approach is that it allows
us to apply almost all of the diagrammatic technology
that has been developed over the past several decades to
a new set of cluster formalisms. Furthermore we are
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mations of spin systems. However, due to the itinerant
character of the fermionic degrees of freedom, it is a
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Both the cluster perturbation theory and the cellular
DMFT formalisms may be defined at this point. A self-
consistent set of equations is formed from G as a func-
tional of !c using Eq. !30" together with Eq. !28", and
with an appropriate choice of a cluster solver !see Sec.
III", !c as a functional of Ḡ. In the cellular DMFT ap-
proximation the hybridization " is determined self-
consistently with Eq. !33", i.e., from the translational in-
variance of the superlattice. The resulting self-
consistency cycle is discussed in Sec. II.C.2. The cluster
perturbation theory formalism is obtained when " is ne-
glected. The Green’s function g!z" then becomes the
Green’s function of an isolated cluster and the cluster
perturbation theory result for the lattice Green’s func-
tion is obtained immediately via Eq. !30" without self-
consistency. Thus the renormalization of the cluster de-
grees of freedom due to the coupling to the host
described by " is neglected in the cluster perturbation
theory but included in the cellular DMFT formalism.

2. Dynamical cluster approximation

The dynamical cluster approximation !DCA" formal-
ism is motivated by the need to restore translational in-
variance within the cluster. Since the intercluster hop-
ping !t!k̃" is finite for sites on the surface of the cluster
and zero for bulk sites, only surface sites hybridize with
the host. Hence translational invariance with respect to
the cluster sites X is violated. The cause of this violation
can be seen by representing the hopping integral t!k̃" as
the intracluster Fourier transform of the dispersion "K+k̃
using Eq. !23",
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=
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The violation of translational symmetry is caused by the
phase factors eik̃·!Xi−Xj" associated with the superlattice
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variance within the cluster, the cluster self-energy !c and
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=
1
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, !40"

with the Green’s function decoupled from the host,

g!K,z" = #z − "̄K + # − $c!K,z"$−1. !41"

Along the lines presented above, the DCA cluster self-
energy $c!K ,z" is calculated as a functional of the
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The self-consistent procedure for determining the DCA
cluster self-energy $c!K ,z" is analogous to that for cel-
lular DMFT and is discussed in detail in Sec. II.C.2. It is
also possible to formulate an analog to the cluster per-
turbation formalism based on the dynamical cluster ap-
proximation. The Green’s function g!K ,z" then becomes
the Green’s function of an isolated periodic cluster with
coarse-grained dispersion #Eq. !38"$ and interactions.
The result of this combined approach for the lattice
Green’s function is obtained immediately via Eq. !40"
without self-consistency.

B. Diagrammatic approach to quantum cluster theories

In this section we provide a microscopic derivation of
the cluster perturbation theory, cellular DMFT, and
DCA formalisms based on different cluster approxima-
tions to the diagrammatic expression for the grand po-
tential. The advantage of this approach is that it allows
us to apply almost all of the diagrammatic technology
that has been developed over the past several decades to
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Homework problem

Σc(K, z) = ℱ[Ḡ(K, z)]

Ḡ(K, z) = [G0(K, z) − Σc(K, z)]−1

Coarse-grained Green’s function



Nature of effective cluster problem

Dynamic Cluster Approximation

Consider 1D model

ter methods are usually limited to a few correlated or-
bitals.

3. Conservation and thermodynamic consistency

The DCA and cellular DMFT approximations are
both self-consistent and ! derivable since they satisfy
Eq. !44". Thus they are thermodynamically consistent in
the Baym-Kadanoff sense. Observables calculated from
the lattice Green’s function G agree with those calcu-
lated as derivatives of the lattice grand potential ".
Since the cluster perturbation theory is not self-
consistent, it is not thermodynamically consistent. How-
ever, none of these approaches is conserving in the
Baym-Kadanoff sense, since they all violate local mo-
mentum conservation by approximating the Laue mo-
mentum conservation function. Thus each of these ap-
proaches is likely to violate some set of Ward identities
!Hettler et al., 2000".

4. Nature of effective cluster problem

In contrast to the DMFT, a unique setup for the
embedded-cluster theory does not exist. Depending on
the treatment of boundary conditions !see Sec. II.A and
Biroli and Kotliar, 2002", differences in the coupling of
the cluster to its environment arise !see comparison in
Sec. II.D.4 below". In fact, there exist infinitely many
realizations of embedded-cluster theories for any given
model Hamiltonian !Biroli and Kotliar, 2002; Okamoto
et al., 2003; Potthoff, 2003b; Potthoff et al., 2003", two of
which we focus on in this review.

Detailed comparisons of the DCA and cellular DMFT
algorithms were presented by Biroli and Kotliar !2002",
Maier, Gonzalez, et al. !2002", Maier and Jarrell !2002",
Biroli et al. !2004", and Aryanpour, Maier, and Jarrell
!2005". Both approximations share the underlying idea
and general algorithm, and differ only in the form used
for the hopping matrix t #see Eq. !35"$. The purpose of
this and the following section is to examine the effects of
this, at first sight, small difference on the effective clus-
ter problem and the convergence properties.

We illustrate the nature of the effective cluster prob-
lems using a 1D model with nearest-neighbor hopping t,
on-site energy #0=0, and cluster size Lc. The generaliza-
tion to higher dimension or longer-ranged hopping
terms is straightforward. The cellular DMFT uses the
original form for the hopping matrix t!k̃" which is ob-
tained, for example, as an intercluster Fourier transform
#see Eq. !22"$ of t!x̃". Only entries between neighboring
sites inside the cluster #t!k̃"$Xi,Xi±1=−t and between
neighboring sites on the surface of the cluster
#t!k̃"$Xi,Xi±!Lc−1"=−te$ik̃Lc are finite. The former entries

form the intracluster hopping matrix tc=Nc /N%k̃t!k̃"
while the latter entries form the intercluster hopping
matrix %t!k̃"= t!k̃"− tc. Both amplitudes are given by the
original hopping t. For the effective cluster problem this
translates to the fact that only sites on the surface of the
cluster couple to the effective medium, while sites inside

the cluster couple only to their neighboring sites in the
cluster. Hence the cluster problem has open boundary
conditions, and translational invariance is violated
within the cluster. The lattice Green’s function G!k̃" #see
Eq. !30"$ is a matrix in the cluster sites and cannot be
diagonalized by going over to cluster K space. Therefore
the coarse-graining step, Eq. !31", is performed in real
space.

The DCA restores translational invariance by setting
#tDCA!k̃"$XiXj

= #t!k̃"$XiXj
e−ik̃·!Xi−Xj" #see Eq. !35"$. As a

consequence, its matrix elements become identical and
are given by −te$ik̃ between sites Xj=Xi$1 and Xj

=Xi± !Lc−1". Hence the DCA hopping matrix tDCA!k̃" is
fully cyclic with respect to the cluster sites, and the lat-
tice Green’s function G!k̃" is diagonalized by going over
to cluster K space. The DCA intracluster hopping ma-
trix tc,DCA=Nc /N%k̃tDCA!k̃" is also cyclic with finite ma-
trix elements

#tc,DCA$Xi,Xj
= − t

Lc

&
sin

&

Lc
, !68"

between sites Xj=Xi±1 and Xj=Xi± !Lc−1", and the
problem of the DCA cluster therefore has periodic
boundary conditions. At finite cluster size Lc, the intra-
cluster hopping is reduced by the factor 1/6!& /Lc"2

+O#!& /Lc"4$ compared to its lattice counterpart t. In the
limit of infinite cluster size it becomes t. This reduction
in the intracluster coupling is compensated for by the
intercluster hopping, which is long ranged in nature,

#%tDCA!x̃"$XiXj
= − t& sin#!x̃ $ 1"&/Lc$

!x̃ $ 1"&/Lc
−

sin!&/Lc"
&/Lc

%x̃,0' ,

!69"

between sites Xj=Xi$1 and Xj=Xi± !Lc−1". It is impor-
tant to note that %tDCA couples all the sites in the cluster
to sites in the effective medium. It vanishes for x̃=0 and
decreases as 1/ x̃ with increasing x̃. We also note that

%tDCA ( 1/Lc !70"

for large linear cluster sizes Lc and emphasize that this
result holds generally in any dimension D.

These results show that the restoration of transla-
tional invariance in the DCA is achieved by mapping the
lattice onto a cluster with periodic boundary conditions,
reduced hopping integrals tc,DCA, and coupling of every
site in the cluster to a neighboring site in the effective
medium through long-ranged hopping integrals
%tDCA!x̃". Similar conclusions about the nature of the ef-
fective cellular DMFT and DCA cluster problems were
reached in a study of the large-U limit of the Falicov-
Kimball model #see Eq. !182"$, i.e., the classical Ising
model !Biroli et al., 2004".

We stress that clusters with linear size Lc=2 are spe-
cial in the DCA. Here both terms in the intracluster
hopping Eq. !68" give a contribution to the same matrix
element. Hence the nearest-neighbor hopping is given

1041Maier et al.: Quantum cluster theories

Rev. Mod. Phys., Vol. 77, No. 3, July 2005

ter methods are usually limited to a few correlated or-
bitals.

3. Conservation and thermodynamic consistency

The DCA and cellular DMFT approximations are
both self-consistent and ! derivable since they satisfy
Eq. !44". Thus they are thermodynamically consistent in
the Baym-Kadanoff sense. Observables calculated from
the lattice Green’s function G agree with those calcu-
lated as derivatives of the lattice grand potential ".
Since the cluster perturbation theory is not self-
consistent, it is not thermodynamically consistent. How-
ever, none of these approaches is conserving in the
Baym-Kadanoff sense, since they all violate local mo-
mentum conservation by approximating the Laue mo-
mentum conservation function. Thus each of these ap-
proaches is likely to violate some set of Ward identities
!Hettler et al., 2000".

4. Nature of effective cluster problem

In contrast to the DMFT, a unique setup for the
embedded-cluster theory does not exist. Depending on
the treatment of boundary conditions !see Sec. II.A and
Biroli and Kotliar, 2002", differences in the coupling of
the cluster to its environment arise !see comparison in
Sec. II.D.4 below". In fact, there exist infinitely many
realizations of embedded-cluster theories for any given
model Hamiltonian !Biroli and Kotliar, 2002; Okamoto
et al., 2003; Potthoff, 2003b; Potthoff et al., 2003", two of
which we focus on in this review.

Detailed comparisons of the DCA and cellular DMFT
algorithms were presented by Biroli and Kotliar !2002",
Maier, Gonzalez, et al. !2002", Maier and Jarrell !2002",
Biroli et al. !2004", and Aryanpour, Maier, and Jarrell
!2005". Both approximations share the underlying idea
and general algorithm, and differ only in the form used
for the hopping matrix t #see Eq. !35"$. The purpose of
this and the following section is to examine the effects of
this, at first sight, small difference on the effective clus-
ter problem and the convergence properties.

We illustrate the nature of the effective cluster prob-
lems using a 1D model with nearest-neighbor hopping t,
on-site energy #0=0, and cluster size Lc. The generaliza-
tion to higher dimension or longer-ranged hopping
terms is straightforward. The cellular DMFT uses the
original form for the hopping matrix t!k̃" which is ob-
tained, for example, as an intercluster Fourier transform
#see Eq. !22"$ of t!x̃". Only entries between neighboring
sites inside the cluster #t!k̃"$Xi,Xi±1=−t and between
neighboring sites on the surface of the cluster
#t!k̃"$Xi,Xi±!Lc−1"=−te$ik̃Lc are finite. The former entries

form the intracluster hopping matrix tc=Nc /N%k̃t!k̃"
while the latter entries form the intercluster hopping
matrix %t!k̃"= t!k̃"− tc. Both amplitudes are given by the
original hopping t. For the effective cluster problem this
translates to the fact that only sites on the surface of the
cluster couple to the effective medium, while sites inside

the cluster couple only to their neighboring sites in the
cluster. Hence the cluster problem has open boundary
conditions, and translational invariance is violated
within the cluster. The lattice Green’s function G!k̃" #see
Eq. !30"$ is a matrix in the cluster sites and cannot be
diagonalized by going over to cluster K space. Therefore
the coarse-graining step, Eq. !31", is performed in real
space.

The DCA restores translational invariance by setting
#tDCA!k̃"$XiXj

= #t!k̃"$XiXj
e−ik̃·!Xi−Xj" #see Eq. !35"$. As a

consequence, its matrix elements become identical and
are given by −te$ik̃ between sites Xj=Xi$1 and Xj

=Xi± !Lc−1". Hence the DCA hopping matrix tDCA!k̃" is
fully cyclic with respect to the cluster sites, and the lat-
tice Green’s function G!k̃" is diagonalized by going over
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between sites Xj=Xi$1 and Xj=Xi± !Lc−1". It is impor-
tant to note that %tDCA couples all the sites in the cluster
to sites in the effective medium. It vanishes for x̃=0 and
decreases as 1/ x̃ with increasing x̃. We also note that
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for large linear cluster sizes Lc and emphasize that this
result holds generally in any dimension D.

These results show that the restoration of transla-
tional invariance in the DCA is achieved by mapping the
lattice onto a cluster with periodic boundary conditions,
reduced hopping integrals tc,DCA, and coupling of every
site in the cluster to a neighboring site in the effective
medium through long-ranged hopping integrals
%tDCA!x̃". Similar conclusions about the nature of the ef-
fective cellular DMFT and DCA cluster problems were
reached in a study of the large-U limit of the Falicov-
Kimball model #see Eq. !182"$, i.e., the classical Ising
model !Biroli et al., 2004".

We stress that clusters with linear size Lc=2 are spe-
cial in the DCA. Here both terms in the intracluster
hopping Eq. !68" give a contribution to the same matrix
element. Hence the nearest-neighbor hopping is given
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3. Conservation and thermodynamic consistency

The DCA and cellular DMFT approximations are
both self-consistent and ! derivable since they satisfy
Eq. !44". Thus they are thermodynamically consistent in
the Baym-Kadanoff sense. Observables calculated from
the lattice Green’s function G agree with those calcu-
lated as derivatives of the lattice grand potential ".
Since the cluster perturbation theory is not self-
consistent, it is not thermodynamically consistent. How-
ever, none of these approaches is conserving in the
Baym-Kadanoff sense, since they all violate local mo-
mentum conservation by approximating the Laue mo-
mentum conservation function. Thus each of these ap-
proaches is likely to violate some set of Ward identities
!Hettler et al., 2000".

4. Nature of effective cluster problem

In contrast to the DMFT, a unique setup for the
embedded-cluster theory does not exist. Depending on
the treatment of boundary conditions !see Sec. II.A and
Biroli and Kotliar, 2002", differences in the coupling of
the cluster to its environment arise !see comparison in
Sec. II.D.4 below". In fact, there exist infinitely many
realizations of embedded-cluster theories for any given
model Hamiltonian !Biroli and Kotliar, 2002; Okamoto
et al., 2003; Potthoff, 2003b; Potthoff et al., 2003", two of
which we focus on in this review.

Detailed comparisons of the DCA and cellular DMFT
algorithms were presented by Biroli and Kotliar !2002",
Maier, Gonzalez, et al. !2002", Maier and Jarrell !2002",
Biroli et al. !2004", and Aryanpour, Maier, and Jarrell
!2005". Both approximations share the underlying idea
and general algorithm, and differ only in the form used
for the hopping matrix t #see Eq. !35"$. The purpose of
this and the following section is to examine the effects of
this, at first sight, small difference on the effective clus-
ter problem and the convergence properties.

We illustrate the nature of the effective cluster prob-
lems using a 1D model with nearest-neighbor hopping t,
on-site energy #0=0, and cluster size Lc. The generaliza-
tion to higher dimension or longer-ranged hopping
terms is straightforward. The cellular DMFT uses the
original form for the hopping matrix t!k̃" which is ob-
tained, for example, as an intercluster Fourier transform
#see Eq. !22"$ of t!x̃". Only entries between neighboring
sites inside the cluster #t!k̃"$Xi,Xi±1=−t and between
neighboring sites on the surface of the cluster
#t!k̃"$Xi,Xi±!Lc−1"=−te$ik̃Lc are finite. The former entries

form the intracluster hopping matrix tc=Nc /N%k̃t!k̃"
while the latter entries form the intercluster hopping
matrix %t!k̃"= t!k̃"− tc. Both amplitudes are given by the
original hopping t. For the effective cluster problem this
translates to the fact that only sites on the surface of the
cluster couple to the effective medium, while sites inside

the cluster couple only to their neighboring sites in the
cluster. Hence the cluster problem has open boundary
conditions, and translational invariance is violated
within the cluster. The lattice Green’s function G!k̃" #see
Eq. !30"$ is a matrix in the cluster sites and cannot be
diagonalized by going over to cluster K space. Therefore
the coarse-graining step, Eq. !31", is performed in real
space.

The DCA restores translational invariance by setting
#tDCA!k̃"$XiXj

= #t!k̃"$XiXj
e−ik̃·!Xi−Xj" #see Eq. !35"$. As a

consequence, its matrix elements become identical and
are given by −te$ik̃ between sites Xj=Xi$1 and Xj

=Xi± !Lc−1". Hence the DCA hopping matrix tDCA!k̃" is
fully cyclic with respect to the cluster sites, and the lat-
tice Green’s function G!k̃" is diagonalized by going over
to cluster K space. The DCA intracluster hopping ma-
trix tc,DCA=Nc /N%k̃tDCA!k̃" is also cyclic with finite ma-
trix elements
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between sites Xj=Xi±1 and Xj=Xi± !Lc−1", and the
problem of the DCA cluster therefore has periodic
boundary conditions. At finite cluster size Lc, the intra-
cluster hopping is reduced by the factor 1/6!& /Lc"2

+O#!& /Lc"4$ compared to its lattice counterpart t. In the
limit of infinite cluster size it becomes t. This reduction
in the intracluster coupling is compensated for by the
intercluster hopping, which is long ranged in nature,
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between sites Xj=Xi$1 and Xj=Xi± !Lc−1". It is impor-
tant to note that %tDCA couples all the sites in the cluster
to sites in the effective medium. It vanishes for x̃=0 and
decreases as 1/ x̃ with increasing x̃. We also note that

%tDCA ( 1/Lc !70"

for large linear cluster sizes Lc and emphasize that this
result holds generally in any dimension D.

These results show that the restoration of transla-
tional invariance in the DCA is achieved by mapping the
lattice onto a cluster with periodic boundary conditions,
reduced hopping integrals tc,DCA, and coupling of every
site in the cluster to a neighboring site in the effective
medium through long-ranged hopping integrals
%tDCA!x̃". Similar conclusions about the nature of the ef-
fective cellular DMFT and DCA cluster problems were
reached in a study of the large-U limit of the Falicov-
Kimball model #see Eq. !182"$, i.e., the classical Ising
model !Biroli et al., 2004".

We stress that clusters with linear size Lc=2 are spe-
cial in the DCA. Here both terms in the intracluster
hopping Eq. !68" give a contribution to the same matrix
element. Hence the nearest-neighbor hopping is given
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within the cluster. The lattice Green’s function G!k̃" #see
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consequence, its matrix elements become identical and
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=Xi± !Lc−1". Hence the DCA hopping matrix tDCA!k̃" is
fully cyclic with respect to the cluster sites, and the lat-
tice Green’s function G!k̃" is diagonalized by going over
to cluster K space. The DCA intracluster hopping ma-
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trix elements
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problem of the DCA cluster therefore has periodic
boundary conditions. At finite cluster size Lc, the intra-
cluster hopping is reduced by the factor 1/6!& /Lc"2
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limit of infinite cluster size it becomes t. This reduction
in the intracluster coupling is compensated for by the
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between sites Xj=Xi$1 and Xj=Xi± !Lc−1". It is impor-
tant to note that %tDCA couples all the sites in the cluster
to sites in the effective medium. It vanishes for x̃=0 and
decreases as 1/ x̃ with increasing x̃. We also note that

%tDCA ( 1/Lc !70"

for large linear cluster sizes Lc and emphasize that this
result holds generally in any dimension D.

These results show that the restoration of transla-
tional invariance in the DCA is achieved by mapping the
lattice onto a cluster with periodic boundary conditions,
reduced hopping integrals tc,DCA, and coupling of every
site in the cluster to a neighboring site in the effective
medium through long-ranged hopping integrals
%tDCA!x̃". Similar conclusions about the nature of the ef-
fective cellular DMFT and DCA cluster problems were
reached in a study of the large-U limit of the Falicov-
Kimball model #see Eq. !182"$, i.e., the classical Ising
model !Biroli et al., 2004".

We stress that clusters with linear size Lc=2 are spe-
cial in the DCA. Here both terms in the intracluster
hopping Eq. !68" give a contribution to the same matrix
element. Hence the nearest-neighbor hopping is given
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Fig. 1: Coarse-graining of momentum space: At the heart of the DCA method is a partitioning

of the first Brillouin zone into Nc patches over which the Green’s function is coarse-grained

(averaged) to represent the system by a reduced number of Nc ”cluster” degrees of freedom.

The bulk degrees of freedom not included on the cluster are taken into account as a mean-field.

For Nc = 1, the dynamical mean-field approximation is revovered, while for Nc ! 1, one

obtaines the exact result. For a given cluster size Nc, one can have different locations and

shapes of the coarse-graining patches, as illustrated for Nc =16A and 16B.

degrees of freedom, but instead uses coarse-graining to retain information about the degrees
of freedom not contained on the cluster. In the Appendix, we provide a rigorous derivation of
both the DCA and DCA+ algorithms based on approximations of the grand-potential. In the
following, we give a more physically motivated discussion of these algorithms.

2.1 General formalism

To coarse-grain the degrees of freedom, the Brillouin zone is split into Nc patches of equal size.
As illustrated in Fig. 1, each patch is represented by the cluster momentum K at the center of
the cell and a patch function

�K(k) =

8
<

:
1, if k in patch K.

0, otherwise.
(9)

is used to restrict momentum sums over momenta k inside the Kth patch. There can be different
numbers Nc of patches, with different size and shape. The basic assumption of the DCA then
is that the self-energy is only weakly momentum dependent, so it can be approximated on a
coarse grid of K-points of a finite size cluster

⌃(k, i!n) ' ⌃c(K, i!n) . (10)

Since the self-energy describes energy shift and life-time effects due to the interaction of an
electron with other electrons, the dynamics of which is represented by the Green’s function
G(k, i!n), it is generally a functional of G(k, i!n), i.e. ⌃(k, i!n) = ⌃[G(k, i!n)]. In finite
size methods, the degrees of freedom are reduced to those of a cluster by calculating the self-
energy from the cluster Green’s function, i.e. ⌃c(K, i!n) = ⌃c[Gc(K, i!n)]. In contrast, in the
DCA, all the degrees of freedom of the bulk lattice are retained, by calculating the self-energy
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0, otherwise.
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degrees of freedom, but instead uses coarse-graining to retain information about the degrees
of freedom not contained on the cluster. In the Appendix, we provide a rigorous derivation of
both the DCA and DCA+ algorithms based on approximations of the grand-potential. In the
following, we give a more physically motivated discussion of these algorithms.

2.1 General formalism

To coarse-grain the degrees of freedom, the Brillouin zone is split into Nc patches of equal size.
As illustrated in Fig. 1, each patch is represented by the cluster momentum K at the center of
the cell and a patch function

�K(k) =

8
<

:
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0, otherwise.
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is used to restrict momentum sums over momenta k inside the Kth patch. There can be different
numbers Nc of patches, with different size and shape. The basic assumption of the DCA then
is that the self-energy is only weakly momentum dependent, so it can be approximated on a
coarse grid of K-points of a finite size cluster

⌃(k, i!n) ' ⌃c(K, i!n) . (10)

Since the self-energy describes energy shift and life-time effects due to the interaction of an
electron with other electrons, the dynamics of which is represented by the Green’s function
G(k, i!n), it is generally a functional of G(k, i!n), i.e. ⌃(k, i!n) = ⌃[G(k, i!n)]. In finite
size methods, the degrees of freedom are reduced to those of a cluster by calculating the self-
energy from the cluster Green’s function, i.e. ⌃c(K, i!n) = ⌃c[Gc(K, i!n)]. In contrast, in the
DCA, all the degrees of freedom of the bulk lattice are retained, by calculating the self-energy
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k

�K(k)



State-of-the-art: Continuous time QMC

Quantum Monte Carlo (QMC) cluster solver

Excellent review of continuous-time QMC solvers: 

–E. Gull et al., Continuous-time Monte Carlo methods for quantum impurity models, Rev.  Mod. 
Phys. 83, 349-404 (2011) 

Interaction (U) expansion, hybridization ( ) expansion, and auxiliary field algorithms 

Continuous time auxiliary field (CT-AUX) QMC employs auxiliary field decoupling of interaction 
term, then performs Monte Carlo sampling of expansion in interaction U

Γ



CT-AUX QMC

• Auxiliary field decomposition 

• Partition function 

• Sum over expansion orders 

• Monte Carlo sampling space

CT-AUX QMC

Z =
1X

k=0

X

s1...sk=±1

Z �

0
d⌧1 ...

Z �

⌧k�1

d⌧k

✓
K

2�Nc

◆k

Zk({x , ⌧ , s}k)

Zk({x , ⌧ , s}k) = Z0

Y

�

detN�1
� ({x , ⌧ , s}k) ;

0 β

(x1,τ1) (x2,τ2) (x3,τ3)

[N�1
� ]ij = e�(�1)�si �ij � G0,�(xi , ⌧i ; xj , ⌧j)(e

�(�1)�si � �ij)

1� �U

K

X

i


ni"ni# �

1

2
(ni" + ni#)

�
=

1

2Nc

X

i ,si=±1

e�si (ni"�ni#)
cosh(�) = 1 +

U�Nc

2K;



QMC Updates QMC updates

0 β

(x1,τ1) (x2,τ2) (x3,τ3)

0 β

(x1,τ1) (x2,τ2)

Insertion/removal

Gpq(⌧ , ⌧
0) =

1

Z

1X

k=0

X

s1...sk=±1

Z �

0
d⌧1 ...

Z �

⌧k�1

d⌧k

✓
K

2�Nc

◆k

Zk({x , ⌧ , s}k)G̃{x ,⌧ ,s}k
pq (⌧ , ⌧ 0)

G̃pq(⌧ , ⌧
0) = [NG0]pq

Probability for updating configuration x to x’

R =
K

k + 1

Y

�

detN�1
� ({x 0, ⌧ 0, s 0})

detN�1
� ({x , ⌧ , s})

Rx!x0 = min(1,R) ;

Insertion and removal updates

Measurement of Green’s function



Fermion Sign ProblemSign problem

A =
1

Z

Z
dx A(x)p(x) =

1

Z

R
dx A(x)|p(x)|sgn(x)R
dx sgn(x)|p(x)|

=
hAi|p|
hsgni|p|

hsgni =
R
dx sgn(x)|p(x)|R

dx |p(x)|
=

Z

Z|p|

Z

Z|p|
= exp(���F )

• Weights of configurations can be negative 

• Average sign 

• Ratio of Z and Z|p| of “bosonic” system with positive weights 

• Average sign decreases exponentially with system size, 
inverse temperature and U and leads to exponential statistical 
errors.



Fermion Sign Problem
Fermion sign problem

DCA and DCA+ 5.11

2. Single-particle properties

Much can be learned about the single-particle properties
of the system, especially Fermi-liquid formation, from study-
ing the momentum distribution function n(k), the single-
particle spectra A(k,!) and the single-particle self-energy
"(k,!). For a Fermi liquid, the self-energy "(kF ,!)#(1
!1/Z)!!ib!2 where b"0, 1/Z"1, and kF is a point on
the Fermi surface. The corresponding A(kF ,!) is expected
to display a sharp Lorentzian-like peak, and !$n(k)! is also
expected to become sharply peaked at the Fermi surface. In
each case, these quantities are calculated by first interpolat-
ing the cluster self energy onto the lattice k points.

For example, the gradient of the momentum distribution
function is plotted in Fig. 16 when U#1,%#44,&#0.05 for
different values of Nc 'this temperature would correspond to
roughly room temperature for the cuprates in units where the
bare bandwidth W#2 eV). Apparently, at this temperature,
there are two Fermi surface features, one centered at (
#(0,0) and one centered at M#() ,)). The Fermi surface
centered at (#(0,0) has roughly the volume expected of
non-interacting electrons, so we will call it the electronlike
surface and the other holelike. Note that the holelike Fermi
surface becomes more prevalent, and the peak near
()/2,)/2) diminishes, as Nc increases. We therefore attribute
this behavior to short-ranged correlations.
We can further resolve the different surface features, by

investigating the single-particle spectrum A(k,!) as shown

FIG. 14. The average sign as function of the inverse temperature
% for Nc#8 at &#0.1 for U#1.0,1.5,2.0. In the inset, the average
sign is plotted versus doping & when U#W#2, t!#0, and %
#54.

FIG. 15. A comparison of the average sign for the DCA and FS
simulations30 when U/W#1/2,&#0.2,t!#0.

FIG. 16. !$n(k)! versus k when U#1, %#44, t!#0, and &
#0.05 for Nc#1, 8, and 16.
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FIG. 9. (Color online) Uniform spin χph susceptibilities vs
temperature for different cluster computed in the DCA+ at 5% doping
(U/t = 7 and t ′/t = −0.15).

B. Improved fermionic sign problem

The rapidly increasing capability of computers in conjunc-
tion with the growing sophistication and efficiency of quantum
Monte Carlo solvers has pushed the limits of simulations
to larger cluster sizes and interaction strengths, as well as
lower temperatures. As a result, the only serious barrier for
quantum Monte Carlo calculations at low temperatures and
away from certain parameter regimes (such as half-filling in the
single-band Hubbard model) that remains is the fermionic sign
problem,24 which leads to an exponentially growing statistical
error with increasing system size and interaction strength, and
decreasing temperature.

The sign problem has posed an insurmountable challenge
to quantum Monte Carlo calculations of fermionic systems,
especially for simulations of finite-size systems, and remains
a problem in the DCA approach. The DCA, however, was
shown to have a less severe sign problem than finite-size
calculations,21 which, in the absence of a rigorous mathe-
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T
�
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DCA

FIG. 10. (Color online) T ∗ versus cluster size computed in the
DCA and DCA+ at 5% doping (U/t = 7 and t ′/t = −0.15).
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FIG. 11. (Color online) Temperature dependence of the average
fermionic sign for Nc = 32 at 5% doping (U/t = 7 and t ′/t =
−0.15).

matical justification, was attributed to the action of the mean
field host on the cluster. This has enabled simulations of larger
clusters at lower temperatures than those accessible with finite-
size simulations and thus has opened new possibilities for
gaining insight into low-temperature phenomena in correlated
systems.

The DCA+ approach is different from the DCA in that it
generates a more physical self-energy with smooth momentum
dependence, and the correlations described by this self-energy
are therefore shorter ranged than those in the DCA. Hence,
it is therefore not unreasonable to expect a difference in the
severity of the sign problem between DCA+ and DCA.

In Fig. 11, we compare the fermionic sign σQMC between
the DCA and the DCA+ for a 32-site cluster and U = 7t for
a doping of 5%. At low temperatures, the average sign in the
DCA+ simulation is significantly larger than that of the DCA
simulation. As indicated above, we attribute this improvement
to the smooth momentum dependence of the DCA+ self-
energy as compared to the step-function dependence of the
DCA self-energy. From Fourier analysis, one knows that the
smoothness of a function is related to the rate of decay of
its Fourier coefficients.55 More precisely, if a function f is p
times differentiable, then its Fourier components fn will decay
at least at a rate of 1/np+1:

f ∈ Cp → |fn| � |f (p)|1
np+1

. (30)

Since the DCA+ self-energy has smooth momentum depen-
dence and not the step discontinuities of the DCA, its Fourier
transform to real space is shorter ranged than that of the DCA
and the correlations it describes are shorter ranged. We believe
that it is this removal of unphysical long-range correlations
which reduces the sign problem in the DCA+. In any case, with
this significant reduction in the severity of the sign problem, it
is possible to study the physics of fermionic systems in even
larger clusters and at lower temperatures than accessible with
the DCA.

115101-11

Nc=16, U=4t,  
t’=0,<n> = 0.8

Nc=32, U=7t,  
t’=-0.15t, <n> = 0.95

Fig. 5: DCA reduction of the sign problem: The average QMC sign compared between finite

size calculation (FSS) and DCA for a 16-site cluster with U = 4t and hni = 0.8. The DCA

algorithm reduces the sign problem of finite size QMC significantly. Figure taken from Ref. [11].

finite size QMC calculations, this sign problem is also encountered in DCA and DCA+ calcu-
lations when a QMC algorithm such as the CT-AUX algorithm described in Sec. 2.2 is used to
solve the effective cluster problem.
DCA QMC calculations were shown to have a much less severe sign problem than finite size
QMC calculations (see Fig. 5). Lacking a rigorous mathematical justification, this was at-
tributed to the action of the mean-field host on the cluster [11]. In any case, this significant
reduction of the severity of the sign problem in the DCA has enabled access to much lower
temperatures than those that can be reached in finite size systems.

2.4 Calculation of response functions

Response functions, such as the magnetic susceptibility, provide information on the response
of a system to an external field, as well as on the nature of the dominant fluctuations and pos-
sible instabilities of the system towards spontaneous symmetry breaking. The calculations of
these functions requires extensions to the single-particle formalism described in the previous
sections. They either require an explicit calculation on the single-particle level in the presence
of a symmetry breaking field, or a calculation of two-particle Green’s functions, from which the
susceptibilities can be calculated [1]. Here we discuss the second approach and refer the reader
to Ref. [1] for the first approach.

General formalism

As an illustrative example, let us consider the ”pair-field” susceptibility

P'(T ) =

Z �

0

d⌧h�'(⌧)�†
'(0)i (24)

DCA/QMC has much weaker sign problem

DCA/QMC has much weaker sign problem than finite size QMC calculations



Piecewise constant approximation

DCA self-energy
DCA self-energy

5.8 Thomas A. Maier
PETER STAAR, THOMAS MAIER, AND THOMAS C. SCHULTHESS PHYSICAL REVIEW B 88, 115101 (2013)
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FIG. 7. (Color online) The imaginary part of the lattice self-energy for different clusters at a temperature of T = 0.33 with a hole doping of
5% (U/t = 7 and t ′/t = −0.15). Two key observations can be made. The DCA+ produces for all clusters a lattice self-energy which follows
the lattice symmetry. This is not true in the case of the DCA, which is illustrated in the region of (π,0) to (0,π ) for the clusters 16B, 20,
and 24. One can also observe that the DCA+ converges monotonically. The self-energy increases systematically with increasing cluster size
as longer-range correlations are taken into account. This systematic growth of the self-energy is harder to detect in the DCA. Therefore, we
expect that the DCA+ will lead to a more systematic convergence of other physical quantities, such as the pseudogap transition temperature.

while the fully renormalized two-particle Green’s function
GII

ph is computed as

GII
ph(K,K ′)

=
(

4∏

l=1

∫ β

0
dτl

)

ei ϖ1 (τ1−τ2)ei ϖ2 (τ3−τ4)

×
∑

σ,σ ′=±
⟨c†

σ (K⃗,τ1)cσ (K⃗,τ2)c†
σ ′(K⃗ ′,τ3) cσ ′(K⃗ ′,τ4)⟩.

The irreducible cluster vertex function &ph(Q⃗ = 0,K⃗,K⃗ ′) is
then obtained by inverting the Bethe-Salpeter equation on the
cluster

&ph =
[
GII

0,ph

]−1 −
[
GII

ph

]−1
, (29)

where we used a matrix notation in in the cluster momenta K⃗
and K⃗ ′. The uniform lattice spin susceptibility χph(q = 0) is
then calculated from

χph =
∑

K1,K2

χ0 [1 − & χ0]−1.

Here, χ0 is the coarse-grained bare susceptibility of the lattice

χ0(K) =
∫

dk⃗ φK (k⃗) G(k⃗)G(k⃗).

This procedure to compute the uniform lattice spin sus-
ceptibility χph(q⃗ = 0) is the same in the DCA+ as in the
DCA.21 The quantities that enter these equations, however, are
different between both approaches. In the DCA+, for thermo-
dynamic consistency, one should apply the same interpolation
procedure to the vertex function &ph(K,K ′) as is done for the
self-energy. Here, however, for the sake of simplicity and in
order to focus on the effects of the self-energy, we keep the
piecewise constant dependence of &ph(K,K ′) that is naturally
obtained from its extraction from the cluster quantities in
Eq. (29) as in the DCA. In the S = 1 particle-hole channel,
where the leading correlations are antiferromagnetic and have

only weak internal K⃗ dependence,54 we expect this to be a
good approximation.

In Fig. 8, we show results for χph(q⃗ = 0) obtained with
the DCA for different clusters. One observes a strong cluster
size dependence and the results are not converged even for the
largest cluster that can still be simulated before the fermionic
sign problem begins to make the QMC sampling exponentially
difficult. The corresponding DCA+ results are displayed in
Fig. 9. Here, convergence is reached much sooner. The location
of the maximum in temperature dependence T ∗ is essentially
independent of the cluster for Nc � 20, as can be seen from
Fig. 10. As discussed previously, this directly results from the
improved convergence of the self-energy in the DCA+. From
these results, once the effects of cluster geometry are removed
in the DCA+, it becomes clear that the underlying correlations
that lead to the pseudogap formation are short ranged and well
contained in clusters of size 20.
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FIG. 8. (Color online) Uniform spin χph susceptibilities vs
temperature for different cluster computed in the DCA at 5% doping
(U/t = 7 and t ′/t = −0.15).
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Fig. 3: DCA self-energy: DCA results for the imaginary part of the lattice self-energy

⌃(k, ⇡T ) for a Hubbard model with U = 7t, t
0 = �0.15t, hni = 0.95 at a temperature

T = 0.33t. The DCA approximation gives a self-energy with jump discontinuities between the

coarse-graining patches and which depends strongly on the location and shape of the patches

(Nc = 16A vs. 16B).

recent years, however, a number of continuous-time QMC (CT-QMC) methods have been de-
veloped [12], which are free from time discretization errors and which are more efficient than
the Hirsch-Fye algorithm. Of these, we will discuss the continuous-time auxiliary-field (CT-
AUX) QMC algorithm [13], which has been developed specifically for the type of large cluster
DCA calculations we are interested in.

The CT-AUX algorithm is formally similar to the Hirsch-Fye QMC algorithm in that it employs
an auxiliary field decoupling of the interaction term, Hint in Eq. (2). But instead of the time
discretization, it performs a weak-coupling expansion of the interaction term. Monte Carlo
sampling is then performed in the combined space of perturbation expansion order and time-
ordered configurations for a given order. The method yields numerically exact results, which
are continuous in time, since the positions along the imaginary time axis are variable and not
fixed as in Hirsch-Fye. In the following, we sketch the basic idea of this approach and refer the
reader to Refs. [12, 13] for a detailed discussion.

One starts by expanding the partition function, Eq. (16), in powers of Hint to which an arbitrary
constant term �K/� with non-zero K has been added. Then, one applies the auxiliary-field

Jump discontinuities and cluster shape/size dependence

⌃DCA(k, i!n) =
X

K

�K(k)⌃c(K, i!n)



Two approaches

Symmetry broken phases

1. Apply symmetry breaking field and calculate “anomalous” Green’s function, e.g., for superconducting phases: 
 

	 	 	 	 	 ;    ;    

2. Calculate susceptibility from two-particle correlation function 
 

	 	 	 	 	

Fij(τ) = − ⟨Tτci↑(τ)cj↓(0)⟩ Ps =
∂Δs

∂Ψ
Ψ=0

Δs =
T
N ∑

k,iωn

F(k, iωn)

Ps = ∫
β

0
dτ⟨Δs(τ)Δ†

s(0)⟩

DCA is “thermodynamically consistent” → two approaches give identical results 



The Basics

Superconductivity

Phenomenology 
– First discovered in Hg by Kamerlingh Onnes (1911) 
– Perfect conductivity (zero resistance) 
– Perfect diamagnetism (Meissner-Ochsenfeld effect, 1933) 

⟶ implies collective behavior of electrons 

Microscopic theory 
– Electrons in time-reversed momentum states from  

spin-singlet boson-like Cooper pairs 
– Cooper pairs condense into macroscopic quantum state



The Basics

Superconductivity

Phenomenology 
– First discovered in Hg by Kamerlingh Onnes (1911) 
– Perfect conductivity (zero resistance) 
– Perfect diamagnetism (Meissner-Ochsenfeld effect, 1933) 

⟶ implies collective behavior of electrons 

Microscopic theory 
– Electrons in time-reversed momentum states from  

spin-singlet boson-like Cooper pairs 
– Cooper pairs condense into macroscopic quantum state

Bardeen Cooper Schrieffer

ΔE Boson-like Cooper pairs

Electrons (Fermions)



The electron-phonon mechanism

Pair Formation in Conventional Superconductors
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The electron-phonon mechanism

Pair Formation in Conventional Superconductors

Phonon mechanism 
– Local in space: Cooper pair wave-function has s-wave 

symmetry 
– Retarded in time (ion dynamics slow compared to 

electrons) 
– Retardation limits Tc (Tc ≪ ω0)

Vc(q)

Phonon “Glue”

V(q)

ωω0

kx

ky

Δ

+
e-

++

+

e-

+

++

+



Materials progress 4
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FIG. 1: Distribution of superconducting transition temperatures. The solid magenta bars represent the

number of materials, N , whose transition temperatures are tabulated in Fig. VI.2 from Ref. [5], which

includes over 500 superconducting materials known prior to 1979. Note that the numbers are shown on

a log scale. We have added to the figure (the blue hatched bars) superconductors discovered since 1979

with transition temperatures in excess of 20K. Since all the cuprate superconductors contain nearly square

Cu-O planes, which are thought to be the central structure responsible for HTC, one might think of them

all as one superconducting material. However, there are also notable differences between different cuprates,

including the fact that some are n-type and some p-type, they have different numbers of proximate Cu-O

planes, they can have different elements making up the charge reservoir layer, etc. There were 26 distinct

crystal structures for cuprate superconductors tabulated in the 1994 monograph by Shaked et al.6, so we

have taken this as our definition of “distinct” materials. In each case, we have reported the highest transition

temperature among different materials with the same crystal structure, restricting ourselves, however, to

data at atmospheric pressure in bulk materials. C60 can be doped with different metal ions or mixtures of

metal ions, but they all have more or less the same crystal structure and charge density, so we have counted

this as one material (with a maximum Tc = 31K in Rb2CsC60). One point is for BaKBiO (Tc = 31K). We

have also added one point for MgB2 (Tc = 39K). All of the organic superconductors and Na0.3CoO2yH2O

have Tc less than our arbitrary cuttoff, and so have not been included.

lurk in every third new material. At the crudest level, the dominant interaction between electrons

is the strongly repulsive Coulomb interaction – for electrons to pair at all must involve subtle

many-body effects which will therefore tend to be rather delicate. In BCS theory, it is the fact

that the Coulomb interaction, µ, is well screened (short-ranged), and that the phonon-induced

attraction, λ, is highly retarded, that combine to make a net effective attraction, λeff = λ − µ!,

between electrons at low energy. (This important point is stressed, for instance, in the classic

Kivelson & Fradkin ‘05

Credit: http://www.wikiwand.com/en/High-temperature_superconductivity

Conventional (BCS) superconductors

Unconventional superconductors

“Superconductivity is everywhere but sparse” Z. Fisk et al., Phil. Mag. ’09



Approach 1

Nambu-Gorkov formalism for superconducting state

Superconducting order parameter 

Anomalous Green’s function 

Nambu spinors 

Green’s function matrix

Δk = ⟨ck↑c−k↓⟩ ≠ 0 for some k
Symmetry ∆k

s-wave const.

Extended s–wave cos kx + cos ky

dx2-y2 – wave cos kx - cos ky

dxy – wave sin kx sin ky

p – wave a sin kx + b sin ky

…

F(k, iωn) = ⟨⟨ck↑; c−k↓⟩⟩iωn

Ψ†
k = (c†

k↑, c−k↓) ; Ψk = (
ck↑

c†
−k↓)

G(k, iωn) = ⟨⟨Ψk; Ψ†
k⟩⟩iωn

= ( G(k, iωn) F(k, iωn)
F*(k, − iωn) −G*(k, iωn))



Approach 1

Nambu-Gorkov DCA for Superconducting state

Non-interacting part of Hamiltonian 

Pauli spin matrices 

Green’s function in SC state 

Cluster self-energy

H0 = ∑
k

Ψ†
k[ϵkσ3 − η′￼(k)σ1 + η′￼′￼(k)σ2]Ψk

σ0 = (1 0
0 1), σ1 = (0 1

1 0), σ2 = (0 −i
i 0 ), σ3 = (1 0

0 −1)

G(k, iωn) = [iωnσ0 − (εk − μ)σ3 − η′￼(k)σ1 − η′￼′￼(k)σ2 − Σc(K, iωn)]−1

Σc(K, iωn) = ( Σc(K, iωn) ϕc(K, iωn)
ϕ*c (K, − iωn) −Σ*c (K, iωn))



Nambu-Gorkov DCA for Superconducting state …

Ḡ(K, iωn) =
Nc

N ∑
k∈𝒫K

G(k, iωn) = ( Ḡ(K, iωn) F̄(K, iωn)
F̄*(K, − iωn) −Ḡ(K, iωn))

𝒢0(K, iωn) = [Ḡ−1(K, iωn) + Σc(K, iωn)]−1Σc(K, iωn) = 𝒢−1
0 (K, iωn) − G−1

c (K, iωn)

S[Ψ*, Ψ] = − ∫
β

0
dτ∫

β

0
dτ′￼∑

ij,σ

Ψ*iσ(τ)𝒢0,ij,σ(τ − τ′￼)Ψjσ(τ) +
U
2 ∫

β

0
dτ∑

i
[Ψ*i (τ)σ3Ψi(τ)] [Ψ*i (τ)σ3Ψi(τ)]

Gc,ij,σ(τ − τ′￼) =
1
Z ∫ 𝒟[Ψ*Ψ]Ψi (τ)Ψ*j (τ′￼)e−S[Ψ*,Ψ] Z = ∫ 𝒟[Ψ*Ψ]e−S[Ψ*,Ψ]

(1) Coarse-graining

(2) Cluster exclusion

(3) Cluster problem solution

(4) New self-energy

32

G(k, iωn) = [iωnσ0 − (εk − μ)σ3 − η′￼(k)σ1 − η′￼′￼(k)σ2 − Σc(K, iωn)]−1



Comments

Superconducting order parameter 

Study spontaneous symmetry breaking 
– Initialize calculation with finite pair-field η(k) 
– Switch off η(k) after first (few) iterations 
– Let system relax 
– Calculate order parameter after convergence 

Symmetry of superconducting state 

– Given by K-dependence of  

– Possible symmetries constrained by cluster size and geometry

Δ̄(K)

Δ̄(K) =
Nc

N ∑
k∈𝒫K

⟨ck↑c−k↓⟩ = F̄(K, τ = 0)

Symmetry ∆k
Nc=1 

(DMFT)
Nc=4 
(DCA)

s-wave const. ✔︎ ✔︎

Extended s-
wave cos kx + cos ky ✔︎ ✔︎

dx2-y2 – wave cos kx - cos ky ✘ ✔︎

dxy - wave sin kx sin ky ✘ ✘

p-wave a sin kx + b sin ky ✘ ✘

…



DCA results for superconducting state

DCA (non-crossing approximation) results for  
SC state 

– Hubbard model; Nc=4, 2 x 2 cluster 

– Anomalous Green’s function is finite,  
vanishes for K=(0, 0) and (π, π) and switches  
sign between K=(π,0) and (0,π) 
⟶ dx2-y2 – wave 

– Superconducting gap is seen in density of states (DOS)

pseudogap in both cases is generated by a large scatter-
ing rate !Im !"k ,0#! at the chemical potential. A unified
picture of the spectral properties of the electron- and
hole-doped cuprates thus emerges from these results if
the interaction strength U is allowed to be doping de-
pendent. To reproduce the experimental observations in
optimally doped cuprates, large values of U seem neces-
sary in hole-doped "U$8t# systems, while smaller values
of U describe the electron-doped systems "U"6t#
"Sénéchal and Tremblay, 2004#.

4. Superconductivity

It is well known from weak-coupling finite-size FLEX
results "Bickers et al., 1989# and phenomenological theo-
ries "Monthoux et al., 1991; Scalapino, 1999# that antifer-
romagnetic spin fluctuations mediate pairing with
d-wave symmetry and cause a pseudogap in underdoped
systems. Recent numerical renormalization-group stud-
ies "Halboth and Metzner, 2000; Zanchi and Schulz,
2000# in fact show strong evidence that the ground state
of the weak-coupling 2D Hubbard model is supercon-
ducting with a d-wave order parameter at finite doping
when t!=0, and when t! is finite even at half-filling.
Finite-size QMC simulations for the doped 2D Hubbard
model in the intermediate coupling regime U%W sup-
port the idea of a spin-fluctuation driven interaction me-
diating d-wave superconductivity "for a review, see
Scalapino, 1999#. The fermion sign problem, however,
limits these calculations to temperatures too high to
study a possible transition. These calculations are also
restricted to relatively small system sizes, making state-
ments for the thermodynamic limit problematic, and in-
hibiting studies of the low-energy physics. These short-
comings do not apply to embedded-cluster theories
which are built for the thermodynamic limit. Cluster
sizes larger than 1 are necessary, however, to describe a

possible transition to a state with a nonlocal "d-wave#
order parameter as discussed in Sec. II.F.

In optimally doped cuprates, the spin fluctuations are
known to be short ranged, extending over a few lattice
spacings. Hence quantum cluster approaches should
provide an adequate methodology to study supercon-
ductivity in these systems. Pairing in the 2D Hubbard
model was studied using the DCA/NCA by Maier et al.
"2000a#, and with the DCA/QMC approach by Jarrell,
Maier, Hettler, and Tahvildarzadeh "2001#, Jarrell,
Maier, Huscroft, and Moukouri "2001#, and Maier, Jar-
rell, Macridin, and Slezak "2004#. The possible coexist-

FIG. 35. Comparison of different DCA cells:
"a# density of states near the chemical poten-
tial; "b#, "c#, and "d# coarse-grained anomalous
Green’s function Ḡ12"K ,##& F̄"K ,## in the
superconducting state of the 2D Hubbard
model at 19% doping, T=0.047t, U=12t for
different cluster K points calculated with
DCA/NCA for a four-site cluster, Nc=4.
From Maier et al., 2000a.

FIG. 36. Pair-field susceptibilities vs temperature in the even-
frequency s-wave, extended s-wave "xs#, d-wave, and odd-
frequency s-wave channels in the 2D Hubbard model at 5%
doping, U=8t calculated with the DCA/QMC method for a
four-site cluster, Nc=4. Inset: Inverse d-wave pair-field suscep-
tibility vs temperature for different dopings and cluster sizes.
The solid line is a fit to b"T−Tc#$ with Tc=0.084t and $=0.72.
Temperatures are in units of 4t. From Jarrell, Maier, Hettler,
and Tahvildarzadeh, 2001.
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U = 12t, ⟨n⟩ = 0.81,T = 0.05t

Maier et al., PRL 2000



Pair-field Susceptibility

Definition 

Pairing operator 

Form-factor (d-wave) 

From Nambu-Gorkov DCA (DMFT)

Tunnel junction between S and S’ 
with Tc(S) < T < Tc(S′￼)

Scalapino, PRL 24, 1052 (1970) 
R. A. Ferrell, Low Temp. Phys. 1, 423 (1969) 

Pα(T ) = ∫
β

0
dτ⟨Δα(τ)Δ†

α(0)⟩

Δ†
α =

1

N ∑
k

gα(k)c†
k↑c†

−k↓

gdx2−y2
(k) = cos kx − cos ky

Pα =
dΔα(ηα)

dηα ηα→0

Approach 2



Direct calculation of response function

From 4-point 2-particle Green’s function

Pα(T ) =
T2

N2 ∑
k,k′￼

gα(k)G2,↑↓↓↑(k, − k, − k′￼, k′￼)gα(k′￼)

G2,σ1…σ4
(x1, x2; x3, x4) = − ⟨Tτcσ1

(x1)cσ2
(x2)c†

σ3
(x3)c†

σ4
(x4)⟩ xi = (Xi, τi)

G2,↑↓↓↑(k, − k, − k′￼, k′￼) = G↑(k)G↓(−k)δk,k′￼+
T
N ∑

k′￼′￼

G↑(k)G↓(−k)Γpp(k, − k, − k′￼′￼, k′￼′￼)G2,↑↓↓↑(k′￼′￼, − k′￼′￼, − k′￼, k′￼)

Pα(T ) = ∫
β

0
dτ⟨Δα(τ)Δ†

α(0)⟩

Approach 2



DCA (DMFT) approximation

Lattice 4-point correlation function 
 
 
 
 
 

Cluster 4-point correlation function 

Pairfield susceptibility

G2c,↑↓↓↑(K, − K, − K′￼, K′￼) = Gc,↑(K )Gc,↓(−K )δK,K′￼+
T
Nc ∑

K′￼′￼
Gc,↑(K )Gc,↓(−K )Γc,pp(K, − K, − K′￼′￼, K′￼′￼)G2c,↑↓↓↑(K′￼′￼, − K′￼′￼, − K′￼, K′￼)

G2,↑↓↓↑(k, − k, − k′￼, k′￼) = G↑(k)G↓(−k)δk,k′￼+
T
N ∑

k′￼′￼
G↑(k)G↓(−k)Γpp(k, − k, − k′￼′￼, k′￼′￼)G2,↑↓↓↑(k′￼′￼, − k′￼′￼, − k′￼, k′￼)

Γpp(k, − k, − k′￼, k′￼) ≈ Γpp
c (K, − K, − K′￼, K′￼)

Pα(T ) =
T 2

N2
c ∑

K,K′￼
ḡα(K)Ḡ2,↑↓↓↑(K, − K, − K′￼, K′￼)ḡα(K′￼)⟶



And Phase Diagram

Pair-field Susceptibility of 2D Hubbard model
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Fig. 5 – The temperature-doping phase diagram of the 2D Hubbard model calculated with QMC and
DCA for Nc = 4, U = 2. TN and Tc were calculated from the divergences of the antiferromagnetic
and d-wave susceptibilities, respectively. T ∗ was calculated from the peak of the bulk magnetic
susceptibility.

the order of J , so magnetically mediated pairing is possible. For Nc = 4 and δ = 0.05, the
d-wave pair-field susceptibility diverges at Tc ≈ 0.021, with an exponent which is less than
one, indicating that the fluctuations beyond DMFA which suppress the antiferromagnetism
are also responsible for pairing.

The phase diagram of the system is shown in fig. 5. We are determining the phase bound-
aries by the instability of the paramagnetic phase (divergence of the corresponding suscep-
tibility). Therefore, the overlap of d-wave superconducting and antiferromagnetic phase for
dopings δ < 0.05 does not indicate a coexistence of these phases. It merely states that if the
phase with higher transition temperature is suppressed (e.g., due to impurity effects or long-
range interactions not included here) a phase transition at the lower transition temperature
might happen from the paramagnetic state.

We also include T ∗, the pseudogap temperature fixed by the peak bulk susceptibility. At
low temperatures, it serves as a boundary separating the observed Fermi-liquid and non-Fermi-
liquid behavior. For T < T ∗ and δ < 0.2 the self-energy shows non-Fermi-liquid character for
the parts of the Fermi surface closest to k = (π, 0) whereas the low-temperature self-energy
is Fermi-liquid–like for δ >∼ 0.2. The d-wave transition temperature is maximum at δ ≈ 0.05.
The superconductivity persists to large doping, with Tc dropping very slowly. In contrast to
experimental findings, the pairing instability (preceded by an AF instability) persists down
to very low doping. One possible reason for this is that the model remains very compressible
down to very low doping δ ∼ 0.025. This could be due to the lack of long-ranged dynamical
spin correlations or stripe formation which could become more relevant as Nc increases or
when multiple Hubbard planes are coupled together. The effect of such additional non-local
corrections (Nc > 4) is presently unknown. However, we believe that a finite mean-field
coupling between Hubbard planes will stabilize the character of the phase diagram presented
here as Nc increases. A finite interplane coupling will also invalidate the Mermin-Wagner
theorem, preventing a vanishing TN for the AF phase as Nc increases. Such work is currently
in progress.

bars on larger cluster results are expected to be of the same
order or larger. The results clearly substantiate the topo-
logical arguments made above.

As noted before, the Nc ! 4 result is the mean-field
result for d-wave order and hence yields the largest pairing
correlations and the highest Tc. As expected, we find large
finite-size and geometry effects in small clusters. When
zd < 4, fluctuations are overestimated and the d-wave
pairing correlations are suppressed. In the 8A cluster where
zd ! 1 we do not find a phase transition at finite tempera-
tures. Both the 12A and 16B cluster, for which zd ! 2,
yield almost identical results. Pairing correlations are en-
hanced compared to the 8A cluster and the pair-field
susceptibility Pd diverges at a finite temperature. As the
cluster size is increased, zd increases from 3 in the 16A
cluster to 4 in the larger clusters, the phase fluctuations
become two-dimensional, and as a result, the pairing cor-
relations increase further (with exception of the 18A clus-
ter). Within the error bars (shown for 16A only), the results
of these clusters fall on the same curve, a clear indication
that the correlations which mediate pairing are short
ranged and do not extend beyond the cluster size.

The low-temperature region can be fitted by the KT form
Pd ! A exp"2B=#T $ Tc%0:5&, yielding the KT estimates
for the transition temperatures TKT

c given in Table I. We
also list the values Tlin

c obtained from a linear fit of the low-
temperature region, which is expected to yield more accu-
rate results due to the mean-field behavior of the DCA
close to Tc [12]. For all clusters with zd ' 3 we find a
transition temperature Tc ( 0:023t) 0:002t from the lin-
ear fits. We cannot preclude, however, the possibility of a
very slow, logarithmic cluster size dependence of the form
Tc#Nc% ! Tc#1% * B2="C* ln#Nc%=2&2 where Tc#1% is
the exact transition temperature. In this case it is possible
that an additional coupling between Hubbard planes could
stabilize the transition at finite temperatures.

In summary, we have presented DCA-QMC simulations
of the 2D Hubbard model for clusters up to Nc ! 32 sites.
Consistent with the Mermin-Wagner theorem, the finite
temperature antiferromagnetic transition found in the
Nc ! 4 simulation is systematically suppressed with in-
creasing cluster size. In small clusters, the results for the
d-wave pairing correlations show a large dependence on
the size and geometry of the clusters. For large enough
clusters, however, the results are independent of the cluster
size and display a finite temperature instability to a d-wave
superconducting phase at Tc ( 0:023t at 10% doping when
U ! 4t.
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Bethe-Salpeter eigenvalues and eigenfunctions

Bethe-Salpeter equation (in matrix notation) 

“Pairing matrix” eigenvalues and eigenvectors 

Fully renormalized version of linearized BCS gap equation

Ḡ2 = [1 − Ḡ0
2,↑↓Γpp

c ]−1Ḡ0
2,↑↓ = Ḡ0

2,↑↓[1 − Γpp
c Ḡ0

2,↑↓]−1

−
T
Nc ∑

K′￼

Γc,pp(K, K′￼)Ḡ0
2,↑↓(K′￼)ϕR

α (K′￼) = λαϕR
α (K )

Ḡ2,↑↓↓↑(K, K′￼) = Ḡ0
2,↑↓(K )∑

α

ϕR
α (K )ϕL

α(K′￼)
1 − λα

⟶

−
1
N ∑

k′￼

V(k, k′￼)tanh ( β
2 Ek′￼) Δ(k′￼)

2Ek′￼
= Δ(k′￼)

• Superconducting 
instability when leading 
eigenvalue λα = 1 

• K dependence of leading 
eigenvector Φα(K) 
determines symmetry of 
superconducting state

An unbiased approach



Leading eigenvalues and -vectors 

small. Thus one concludes that the pairing interaction arises
from the exchange of S ¼ 1 particle-hole fluctuations.

The momentum dependence of the leading pairing
eigenfunction ’!ðkÞ is shown in the inset of Fig. 22 and
corresponds to a dx2$y2 wave. The Matsubara frequency

dependence of this eigenfunction, shown in Fig. 22, has a
similar decay to that of the spin susceptibility. However, as
one knows, it is difficult to determine the real frequency
response from limited numerical Matsubara data. Recent
cellular dynamic mean-field studies by Kyung, Senechal,
and Tremblay (2009) for real frequencies found a correspon-
dence between the frequency dependence of the gap function
and the local spin susceptibility as shown in Fig. 23. The
frequency dependence of the interaction was also discussed
by Maier, Poilblanc, and Scalapino (2008) and Hanke et al.
(2010) who found that the dominant part of the interaction
comes from the spectral region associated with spin fluctua-
tions with an additional small contribution coming from high
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FIG. 21 (color online). Leading eigenvalues of the Bethe-Salpeter
equation in various channels for U=t ¼ 4 and a site occupation
hni ¼ 0:85. The Q ¼ ð";"Þ, !m ¼ 0, S ¼ 1 magnetic eigenvalue
is seen to saturate at low temperatures. The leading eigenvalue in the
singletQ ¼ ð0; 0Þ,!m ¼ 0 particle-particle channel has dx2$y2 sym-

metry and increases toward 1 at low temperatures. The largest charge
density eigenvalue occurs in the Q ¼ ð0; 0Þ, !m ¼ 0 channel and
saturates at a small value. The inset shows the distribution of k points
for the 24-site cluster. From Maier, Jarrell, and Scalapino, 2006a.

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

-6 -5 -4 -3 -2 -1  0  1  2  3  4  5  6
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

φ(
(π

,0
),

ω
n)

2χ
s(

(π
,π

),
ω

m
)/

(χ
s(

(π
,π

),
0)

 +
 χ

s(
(π

,π
),

2π
T

))

ωn(m)/t

φ
χs

-1.0

-0.5

0.0

0.5

1.0

(π,0)(π/2,π/2)(0,π)

φ(
K

,iπ
T

)/
t

K

FIG. 22 (color online). The Matsubara frequency dependence of
the eigenfunction #d

x2$y2
ðK;!nÞ of the leading particle-particle

eigenvalue of Fig. 21 for K ¼ ð"; 0Þ normalized to #ðK;"TÞ (solid
curve). Here !n ¼ ð2nþ 1Þ"T with T ¼ 0:125t. The Matsubara
frequency dependence of the normalized magnetic spin susceptibil-
ity 2$ðQ;!mÞ=½$ðQ; 0Þ þ $ðQ; 2"TÞ' for Q ¼ ð";"Þ vs !m ¼
2m"T (dashed curve). The Matsubara frequency dependence of
#d

x2$y2
and the normalized spin Q ¼ ð";"Þ susceptibility are

similar. Inset: The momentum dependence of the eigenfunction
#d

x2$y2
ðK;"TÞ normalized to #d

x2$y2
ðð0;"Þ;"TÞ shows its dx2$y2

symmetry. Here !n ¼ "T and the momentum values correspond to
values of K which lie along the dashed line shown in the inset of
Fig. 21. From Maier, Jarrell, and Scalapino, 2006a.

FIG. 23 (color online). This figure provides evidence linking the
frequency dependence of the imaginary part of the gap function
#dð!; kFÞ, which is called !00

anð!; kFÞ in this figure, to the frequency
dependence of the spin-fluctuation spectral weight $00ð!Þ. (a) The
imaginary part of the gap function !00

anð!; kFÞ at a wave vector kF
near the antinode is plotted vs ! for various dopings hni ¼ 1$ %.
(b) The imaginary part $00ð!Þ of the local spin susceptibility vs !
for the same set of dopings. The black dots in (a) and (b) identify
peaks. The positions of the peaks of !00

an in (a) are shown as the
shaded dots in (b) at the same height as the corresponding $00 to
illustrate their correspondence. One can see that the upward fre-
quency shift of the !00

an peaks relative to the $
00 peaks decreases with

the doping reflecting the decrease in the single-particle gap. The
lower five curves, for % values between 0.29 and 0.37, are for the
normal state. Here U ¼ 8t, t0 ¼ $0:3t0, t00 ¼ $0:08t, and a
Lorentzian broadening of 0:125t was used for an embedded 2( 2
plaquette. From Kyung, Senechal, and Tremblay, 2009.
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small. Thus one concludes that the pairing interaction arises
from the exchange of S ¼ 1 particle-hole fluctuations.

The momentum dependence of the leading pairing
eigenfunction ’!ðkÞ is shown in the inset of Fig. 22 and
corresponds to a dx2$y2 wave. The Matsubara frequency

dependence of this eigenfunction, shown in Fig. 22, has a
similar decay to that of the spin susceptibility. However, as
one knows, it is difficult to determine the real frequency
response from limited numerical Matsubara data. Recent
cellular dynamic mean-field studies by Kyung, Senechal,
and Tremblay (2009) for real frequencies found a correspon-
dence between the frequency dependence of the gap function
and the local spin susceptibility as shown in Fig. 23. The
frequency dependence of the interaction was also discussed
by Maier, Poilblanc, and Scalapino (2008) and Hanke et al.
(2010) who found that the dominant part of the interaction
comes from the spectral region associated with spin fluctua-
tions with an additional small contribution coming from high
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FIG. 21 (color online). Leading eigenvalues of the Bethe-Salpeter
equation in various channels for U=t ¼ 4 and a site occupation
hni ¼ 0:85. The Q ¼ ð";"Þ, !m ¼ 0, S ¼ 1 magnetic eigenvalue
is seen to saturate at low temperatures. The leading eigenvalue in the
singletQ ¼ ð0; 0Þ,!m ¼ 0 particle-particle channel has dx2$y2 sym-

metry and increases toward 1 at low temperatures. The largest charge
density eigenvalue occurs in the Q ¼ ð0; 0Þ, !m ¼ 0 channel and
saturates at a small value. The inset shows the distribution of k points
for the 24-site cluster. From Maier, Jarrell, and Scalapino, 2006a.

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

-6 -5 -4 -3 -2 -1  0  1  2  3  4  5  6
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

φ(
(π

,0
),

ω
n)

2χ
s(

(π
,π

),
ω

m
)/

(χ
s(

(π
,π

),
0)

 +
 χ

s(
(π

,π
),

2π
T

))

ωn(m)/t

φ
χs

-1.0

-0.5

0.0

0.5

1.0

(π,0)(π/2,π/2)(0,π)

φ(
K

,iπ
T

)/
t

K

FIG. 22 (color online). The Matsubara frequency dependence of
the eigenfunction #d

x2$y2
ðK;!nÞ of the leading particle-particle

eigenvalue of Fig. 21 for K ¼ ð"; 0Þ normalized to #ðK;"TÞ (solid
curve). Here !n ¼ ð2nþ 1Þ"T with T ¼ 0:125t. The Matsubara
frequency dependence of the normalized magnetic spin susceptibil-
ity 2$ðQ;!mÞ=½$ðQ; 0Þ þ $ðQ; 2"TÞ' for Q ¼ ð";"Þ vs !m ¼
2m"T (dashed curve). The Matsubara frequency dependence of
#d

x2$y2
and the normalized spin Q ¼ ð";"Þ susceptibility are

similar. Inset: The momentum dependence of the eigenfunction
#d

x2$y2
ðK;"TÞ normalized to #d

x2$y2
ðð0;"Þ;"TÞ shows its dx2$y2

symmetry. Here !n ¼ "T and the momentum values correspond to
values of K which lie along the dashed line shown in the inset of
Fig. 21. From Maier, Jarrell, and Scalapino, 2006a.

FIG. 23 (color online). This figure provides evidence linking the
frequency dependence of the imaginary part of the gap function
#dð!; kFÞ, which is called !00

anð!; kFÞ in this figure, to the frequency
dependence of the spin-fluctuation spectral weight $00ð!Þ. (a) The
imaginary part of the gap function !00

anð!; kFÞ at a wave vector kF
near the antinode is plotted vs ! for various dopings hni ¼ 1$ %.
(b) The imaginary part $00ð!Þ of the local spin susceptibility vs !
for the same set of dopings. The black dots in (a) and (b) identify
peaks. The positions of the peaks of !00

an in (a) are shown as the
shaded dots in (b) at the same height as the corresponding $00 to
illustrate their correspondence. One can see that the upward fre-
quency shift of the !00

an peaks relative to the $
00 peaks decreases with

the doping reflecting the decrease in the single-particle gap. The
lower five curves, for % values between 0.29 and 0.37, are for the
normal state. Here U ¼ 8t, t0 ¼ $0:3t0, t00 ¼ $0:08t, and a
Lorentzian broadening of 0:125t was used for an embedded 2( 2
plaquette. From Kyung, Senechal, and Tremblay, 2009.
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• Leading correlations in particle-hole, spin S=1, antiferromagnetic (Q=(π,π)) and 
particle-particle Q=0 pairing channels.  

• Leading pairing eigenvector has  momentum structure and reflects spin 
fluctuation frequency dependence.

dx2−y2

U=4t, ⟨n⟩=0.9

Maier et al., PRB ’06
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Fig. 5 – The temperature-doping phase diagram of the 2D Hubbard model calculated with QMC and
DCA for Nc = 4, U = 2. TN and Tc were calculated from the divergences of the antiferromagnetic
and d-wave susceptibilities, respectively. T ∗ was calculated from the peak of the bulk magnetic
susceptibility.

the order of J , so magnetically mediated pairing is possible. For Nc = 4 and δ = 0.05, the
d-wave pair-field susceptibility diverges at Tc ≈ 0.021, with an exponent which is less than
one, indicating that the fluctuations beyond DMFA which suppress the antiferromagnetism
are also responsible for pairing.

The phase diagram of the system is shown in fig. 5. We are determining the phase bound-
aries by the instability of the paramagnetic phase (divergence of the corresponding suscep-
tibility). Therefore, the overlap of d-wave superconducting and antiferromagnetic phase for
dopings δ < 0.05 does not indicate a coexistence of these phases. It merely states that if the
phase with higher transition temperature is suppressed (e.g., due to impurity effects or long-
range interactions not included here) a phase transition at the lower transition temperature
might happen from the paramagnetic state.

We also include T ∗, the pseudogap temperature fixed by the peak bulk susceptibility. At
low temperatures, it serves as a boundary separating the observed Fermi-liquid and non-Fermi-
liquid behavior. For T < T ∗ and δ < 0.2 the self-energy shows non-Fermi-liquid character for
the parts of the Fermi surface closest to k = (π, 0) whereas the low-temperature self-energy
is Fermi-liquid–like for δ >∼ 0.2. The d-wave transition temperature is maximum at δ ≈ 0.05.
The superconductivity persists to large doping, with Tc dropping very slowly. In contrast to
experimental findings, the pairing instability (preceded by an AF instability) persists down
to very low doping. One possible reason for this is that the model remains very compressible
down to very low doping δ ∼ 0.025. This could be due to the lack of long-ranged dynamical
spin correlations or stripe formation which could become more relevant as Nc increases or
when multiple Hubbard planes are coupled together. The effect of such additional non-local
corrections (Nc > 4) is presently unknown. However, we believe that a finite mean-field
coupling between Hubbard planes will stabilize the character of the phase diagram presented
here as Nc increases. A finite interplane coupling will also invalidate the Mermin-Wagner
theorem, preventing a vanishing TN for the AF phase as Nc increases. Such work is currently
in progress.

bars on larger cluster results are expected to be of the same
order or larger. The results clearly substantiate the topo-
logical arguments made above.

As noted before, the Nc ! 4 result is the mean-field
result for d-wave order and hence yields the largest pairing
correlations and the highest Tc. As expected, we find large
finite-size and geometry effects in small clusters. When
zd < 4, fluctuations are overestimated and the d-wave
pairing correlations are suppressed. In the 8A cluster where
zd ! 1 we do not find a phase transition at finite tempera-
tures. Both the 12A and 16B cluster, for which zd ! 2,
yield almost identical results. Pairing correlations are en-
hanced compared to the 8A cluster and the pair-field
susceptibility Pd diverges at a finite temperature. As the
cluster size is increased, zd increases from 3 in the 16A
cluster to 4 in the larger clusters, the phase fluctuations
become two-dimensional, and as a result, the pairing cor-
relations increase further (with exception of the 18A clus-
ter). Within the error bars (shown for 16A only), the results
of these clusters fall on the same curve, a clear indication
that the correlations which mediate pairing are short
ranged and do not extend beyond the cluster size.

The low-temperature region can be fitted by the KT form
Pd ! A exp"2B=#T $ Tc%0:5&, yielding the KT estimates
for the transition temperatures TKT

c given in Table I. We
also list the values Tlin

c obtained from a linear fit of the low-
temperature region, which is expected to yield more accu-
rate results due to the mean-field behavior of the DCA
close to Tc [12]. For all clusters with zd ' 3 we find a
transition temperature Tc ( 0:023t) 0:002t from the lin-
ear fits. We cannot preclude, however, the possibility of a
very slow, logarithmic cluster size dependence of the form
Tc#Nc% ! Tc#1% * B2="C* ln#Nc%=2&2 where Tc#1% is
the exact transition temperature. In this case it is possible
that an additional coupling between Hubbard planes could
stabilize the transition at finite temperatures.

In summary, we have presented DCA-QMC simulations
of the 2D Hubbard model for clusters up to Nc ! 32 sites.
Consistent with the Mermin-Wagner theorem, the finite
temperature antiferromagnetic transition found in the
Nc ! 4 simulation is systematically suppressed with in-
creasing cluster size. In small clusters, the results for the
d-wave pairing correlations show a large dependence on
the size and geometry of the clusters. For large enough
clusters, however, the results are independent of the cluster
size and display a finite temperature instability to a d-wave
superconducting phase at Tc ( 0:023t at 10% doping when
U ! 4t.
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fully irreducible vertex !irr, the S ¼ 0 charge fluctuations
1
2"d, and the S ¼ 1 spin fluctuations 3

2"m. As noted, it is the
increase of # with momentum transfer that gives rise to the
attractive near-neighbor pairing and it is clear from Fig. 20

that this comes from the S ¼ 1 part of the interaction.
The fully irreducible vertex is essentially independent of
momentum transfer and so it contributes only to the on-site
repulsion, while the S ¼ 0 charge part decreases at large
momentum giving rise to a small repulsive near-neighbor
interaction.

In these numerical calculations, one also obtains the
dressed single-particle Green’s function Gðk; i!nÞ. Given G
and #pp, one can determine the Bethe-Salpeter eigenvalues
and eigenfunction in the particle-particle channel by solving

$T

N

X

k0
#PPðk;k0ÞG"ðk0ÞG#ð$k0Þ!"ðk0Þ¼#"!"ðkÞ: (13)

This is basically the fully dressed BCS gap equation and
when the leading eigenvalue goes to 1 the system becomes
superconducting. One can also construct similar Bethe-
Salpeter equations for the charge and magnetic particle-hole
channels. Figure 21 shows a plot of the leading eigenvalues
associated with the particle-particle pairing channel and the
particle-hole charge S ¼ 0 and spin S ¼ 1 channels for
U=t ¼ 4 and a filling hni ¼ 0:85. As the temperature is
lowered, the particle-hole S ¼ 1 antiferromagnetic channel
with center-of-mass momentum Q ¼ ð$;$Þ is initially domi-
nant. However, at low temperatures the Q ¼ 0 pairing chan-
nel rises rapidly and the divergence of the antiferromagnetic
channel saturates. The charge channel eigenvalue remains

FIG. 19 (color online). The real space structure of the pairing
interaction obtained from the Fourier transform Eq. (11) of
#ppðk; k0Þ at a temperature T ¼ 0:125t for U ¼ 4t and hni ¼
0:85. Here there is an attractive pairing interaction for a singlet
formed between an electron at the origin and a near-neighbor site.
The peak in #pp shown in Fig. 18 leads to a pairing interaction
which oscillates in space.

FIG. 20 (color online). The momentum dependence of the various contributions that make up the irreducible particle-particle pairing vertex
#pp. (a) The irreducible particle-particle vertex #pp vs q ¼ K $ K0 for various temperatures with !n ¼ !n0 ¼ $T. Here K ¼ ð$; 0Þ and K0

moves along the momentum values of the 24-site cluster which lay on the dashed line shown in the inset of Fig. 21. Note that the interaction
increases with the momentum transfer as expected for a d-wave pairing interaction. (b) The q dependence of the fully irreducible two-fermion
vertex !irr. (c) The q dependence of the charge density (S ¼ 0) channel 1

2"d for the same set of temperatures. (d) The q dependence of

the magnetic (S ¼ 1) channel 3
2"m. Here one sees that the increase in #pp with momentum transfer arises from the S ¼ 1 particle-hole

channel. From Maier, Jarrell, and Scalapino, 2006b.
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−
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eiKℓΓpp(K, K′￼)eiK′￼ℓ

Momentum structure of pairing interaction gives 
rise to attractive interaction for nearest-neighbor 
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Spin-Fluctuation pairing interaction

Γpp(k, ωn, k′￼, ωn′￼) ≈
3
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Current State-of-the-Art: La3Ni2O7

Superconductivity near 80 K under > 14 
GPa pressure 
Bilayers are key building block 

Low energy effective electronic structure 
captured by two-orbital bilayer Hubbard 
model with strong interlayer coupling:

Nature | Vol 621 | 21 September 2023 | 497

temperature-dependent resistance up to 300 K. This may indicate that 
the high-pressure metallic phase is close to a quantum critical regime.

We note that some samples are insulating at low pressures and 
cannot be tuned to metallic state up to 20 GPa. These should be 
related to the presence of slightly deficient oxygen ions in La3Ni2O7−δ. 
Previous experiments have shown that when the oxygen-deficient 
variant 0.08 ≤ δ ≤ 0.63, a phase transition of the structure occurs 
from orthorhombic to tetragonal symmetry and the electrical 
transport properties change from metallic to weakly insulating at 
ambient pressure42,43. With regard to the metallic behaviour of our  
superconducting samples, the deficient oxygen variant δ should be 
less than 0.08.

In summary, we have shown that the electronic occupancy of Ni2.5+ 
(3d7.5) in the Ruddlesden–Popper double-layered perovskite nickelate 
La3Ni2O7 can mimic the Cu2+ of hole-doped bilayer high-Tc cuprates 
because of the presence of strong inter-layer coupling of d3 z 2  orbitals 
using the apical oxygen anions. This inter-layer coupling results in the 
formation of the inter-layer σ-bonding and anti-bonding bands lying 
below and above the Fermi level. Applying a high pressure can realize 
the metallization of the σ-bonding bands below the Fermi level through 
hole doping in the d3 z 2  orbitals and electron doping in the d3 x y−2 2   
orbitals. These are the most important indicators of the high-Tc super-
conductivity with Tc ≈ 80 K observed in La3Ni2O7 single crystals above 
14 GPa. Although both d3 x y−2 2  and d3 z 2  orbitals are involved, these 
features are distinctly different from the infinite-layer superconduct-
ing nickelates, in which the electronic states of oxygen 2p orbitals  
are far below the Fermi level and have a much reduced 3d–2p mixing 
because of the larger separation of their site energies. In our experi-
ments, Tc is comparable with that of the high-Tc cuprate superconduc-
tors1,4 and higher than the record Tc of the iron-based superconductors44. 
This is one of the first experimental reports on the signatures of super-
conductivity in both bulk nickelates and the Ruddlesden–Popper phase 
of nickelates. Our results indicate that the nickel-oxide system enables 
the study of high-Tc superconductors and helps in understanding its 
unconventional high-Tc superconductivity mechanism.

Online content
Any methods, additional references, Nature Portfolio reporting summa-
ries, source data, extended data, supplementary information, acknowl-
edgements, peer review information; details of author contributions 
and competing interests; and statements of data and code availability 
are available at https://doi.org/10.1038/s41586-023-06408-7.
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pressure is effective to induce the Jahn–Teller effect through structural 
modification and electronic band structures. The synchrotron X-ray 
diffraction (XRD) patterns in the low-pressure phase from 1.6 GPa to 
10.0 GPa can be well indexed by the orthorhombic Amam space group 
(Fig. 1a). An anomaly in the positions of the reflection peaks occurs 
around 10 GPa, suggesting a structural transition (Fig. 1b). Our density 
functional theory (DFT) calculations indicate that the structure trans-
forms from the Amam to the Fmmm space group under pressure 
(Fig. 1c). The XRD patterns in the high-pressure phase above 15.0 GPa 
can be indexed by the orthorhombic Fmmm space group. Evolutions 
of the lattice parameters and unit cell volume as a function of pressure 
confirm the structural transition and the DFT calculations (Fig. 1c,d). 
In particular, the space-group transition corresponds to the change of 
the bond angle of Ni–O–Ni from 168.0° to 180° along the c axis, as 
depicted in Fig. 1f. X-ray is not sensitive to the position and content of 
oxygen ions. The structure of the high-pressure phase is determined 
by a combination of the DFT calculations and the XRD refinements. 

The structural parameters of La3Ni2O7 refined at 1.6 GPa and 29.5 GPa 
are listed in Extended Data Table 1. The inter-atomic distance between 
the Ni and apical oxygen is abruptly reduced from 2.297 Å in the Amam 
phase at ambient to 2.122 Å in the Fmmm structure at 32.5 GPa (Extended 
Data Fig. 1).

To explain the electronic structure of La3Ni2O7 under pressure, we 
conducted DFT calculations at 1.6 GPa and 29.5 GPa. The electronic 
structure can be understood by the crystal-field splitting of the NiO6 
octahedron on the eg and t2g orbitals of Ni cations24. Results of the non-
magnetic solution at 1.6 GPa indicate that the electronic states of Ni 

d3 x y−2 2  and d3 z 2  orbitals are well separated from the other three  
Ni t2g orbitals in the energy range of −2 eV to 2 eV and that the Ni d3 x y−2 2  
orbitals with oxygen 2p orbitals dominate across the Fermi level 
(Fig. 2a). The sizes of the hole Fermi surfaces around Γ and the electron 
Fermi surfaces around Y are comparable25. Below and above the  
Fermi level, there are electronic bonding and anti-bonding bands of  
the d3 z 2  electronic states because of the large inter-layer σ-bond  

La

Ni

O

168° 180°Pressure

AP Amam HP Fmmm

a

b

c

V/V0

Pressure (GPa)
20100 30 40

V/
V 0

1.00

0.95

0.90

0.85

HFmmm – HAmamH

H
Fm

m
m

 –
 H

A
m

am

0.2

0.1

0

–0.1

–0.2

P (GPa)

41.2

1.6
(111) (006) (020) (026) (220) (135)

In
te

ns
ity

 (a
.u

.)

2T
p/

2T
0

2T (°)

(111)
(006)
(020)
(026)
(220)
(135)

1.04

1.02

1.00
5 10 15 20 25 20100 30 40

Pressure (GPa)

Pressure (GPa)
20100 30 40

a b

d

e f

g

c

2T (°)
15105 20 25

Observed

Calculated
Observed

La3Ni2O7
Difference

In
te

ns
ity

 (a
.u

.)

5.2

5.3

5.4

5.5

a 
an

d 
b 

(Å
)

a
b
c

20.5

20.0

19.5

19.0

c 
(Å

)

Fig. 1 | Structural characterizations of pressurized La3Ni2O7. a, Synchrotron 
XRD patterns of powder samples at various pressures between 1.6 GPa and 
41.2 GPa. b, Pressure dependence of the peak positions labelled by the Miller 
indices of the Amam space group at ambient pressure. c, The orange diamonds 
represent the change of volume as a function of pressure determined from 
experiments. The error bars for pressures between 10 GPa and 20 GPa are  
the volume differences determined from the Amam and Fmmm space groups, 
respectively. The violet circles represent the difference in enthalpy of one  
cell between the space groups Fmmm and Amam as a function of pressure 
calculated using the first-principles method. The enthalpy is defined as 

H = E(V) + PV, where E(V) is the energy. The results indicate the ground  
structure changes to the Fmmm space group at high pressures. d, Lattice 
constants a, b and c refined from the XRD patterns. e, Refinements of the 
synchrotron XRD patterns at 29.5 GPa (top) using the space group Fmmm  
and at 1.6  GPa (bottom) using the space group Amam. f, The Ni–O–Ni angle 
between two adjacent octahedra shaded in cyan changes from 168° in the 
ambient-pressure (AP) Amam space group to 180° in the high-pressure (HP) 
Fmmm space group. g, Crystal structure of La3Ni2O7 with the orthorhombic 
structure. a.u. stands for arbitrary units.
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Herewe have used themomentum space Fourier representationwithwave-
vector k ¼ "kx; ky; kz# with kz = 0 or π representing bonding and anti-
bonding combinations, respectively, of the two layers,
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α "k# is a symmetry form-factor. The singlet
form factors we will use are listed in Table 1 and illustrated in Fig. 1b, c, and
d. They correspond to local inter-layer s± pairs and in-plane dx2$y2 and dxy
pairs. We only include intra-orbital components in these form factors,
which we expect to dominate, and confirm in the next section through an
unbiased analysis that the leading states indeedhave substantial intra-orbital
pairing character and therefore are captured by these susceptibilities.

As seen in Fig. 1b, the s± state is negative on the β sheet and positive on
the α and γ pockets. This sign change arises from the difference in bonding/
antibonding character of the Fermi surface states on the β and γ pockets6.
Since the dx2$y2 and dxy states are in-plane states, they are in-phase across all
the Fermi surface sheets. In all cases, we only consider intra-orbital pairing.
We note that the Nc = 2 site cluster calculation can already address the s±

state, since it contains the two sites (one in the top and one in the bottom
layer) that are involved in this pair. It may be regarded as the mean-field
solution for this state as it can only fit exactly one s± pair and therefore
cannot capture spatial phase fluctuations (although it fully captures tem-
poral fluctuations). Additionally, theNc = 8 site cluster can also address the
dx2$y2 pairing state, but not the dxy state. TheNc = 16 cluster can resolve all
the symmetries we consider.

Figure 2 shows the temperature dependence of the pair-field sus-
ceptibility Pα(T) for the different symmetry channels and cluster sizes.
Earlier RPA calculations for the same model found a leading s± super-
conducting state, with a sub-leading dx2$y2 state

6. Consistent with this,
one sees in Fig. 2 that the s± susceptibility is rising themost rapidly at low

Fig. 1 | Illustration of the bilayer two-orbital
model and its leading pairing states. The two
orbitals, dx2$y2 (blue) and d3z2$r2 (red), with nearest
neighbor hopping parameters txx =− 0.515, tzz =−
0.110, txz = 0.243, and t?zz ¼ 0:666 taken from ref. 6
for 25GPa pressure are shown in panel (a). The non-
interacting Fermi surface consistst of α, β, and γ
sheets as illustrated in (b). The superconducting
order parameter form factors listed in Table 1 for s±

(b), dx2$y2 (c), and dxy (d) states are illustrated by red
(positive) and blue (negative) colors.

Table 1 | Singlet order parameter form factors used for the
calculation of the pair-field susceptibility in Eq. (1)

α g‘‘0

α "k#

s± cos kzδ‘‘0

dx2$y2 "cos kx $ cos ky#δ‘‘0

dxy sin kx sin kyδ‘‘0

Fig. 2 | The pair-field susceptibility versus temperature for the two-orbital bilayer
327-LNO model with U = 3 eV, U 0 ¼ 2 eV, and J = 0.5 eV for different symmetry
channels α and DCA cluster sizesNc. The leading s

± symmetry channel has a “mean-
field" (see text) superconducting transition near T ~ 0.012 eV ~ 140 K (see Sup-
plemental Material). The QMC statistical errors are small and within the symbol
size. Amore detailed view of the inverse pair-field susceptibility is shown in Sec. II in
the Suppplemental Material.
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For hybrid quantum/classical materials simulations

Future: Quantum Embedding on Quantum Computers

Bauer et al., PRX 6, 031045 (2016) 
Keen et al., Quant. Sci. Tech. 5, 035001 (2020) 
Vorwerk et al., Nat. Comp. Sci. 2, 424 (2022) 

Quantum embedding offers a scalable and 
physically meaningful pathway toward 
quantum advantage in realistic materials 
simulations 
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Calculate the superconducting transition temperature in 2D Hubbard model

DCA++ Tc Tutorial

Prerequisites 

Configure and build the application `main_dca` using the following CMake options: 

    CMAKE_BUILD_TYPE = Release 
    DCA_BUILD_ANALYSIS = ON 
    DCA_BUILD_DCA = ON 
    DCA_CLUSTER_SOLVER = CT-AUX 
    DCA_LATTICE = square 
    DCA_MODEL = tight-binding 
    DCA_POINT_GROUP = D4 
    DCA_RNG = std::mt19937_64  # or std::ranlux48 
    DCA_WITH_THREADED_SOLVER = ON 
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Usage 

We assume the *current working directory* to be the directory containing this file, i.e. `DCA/tutorials/tc/preconfigured`. 

1. Copy the binaries `main_dca` into the current working directory. 

2. Execute the `dca` job script](https://github.com/CompFUSE/DCA/blob/master/tutorials/tc/preconfigured/
job.dca_U=6_d=0.95_Nc=4.sh): 

        $ ./job.dca_U=6_d=0.95_Nc=4.sh > out.dca.txt 

    Runtime on an Intel Core i7-4980HQ @ 2.8GHz (4 cores) is ~110 min.   

    The file `out.dca_reference.txt` provides reference output. 
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Analysis 

We will use the separate python script ‘analyzeDCA.py’ for the analysis. To use it, execute the following commands 
in a python shell: 

import analyzeDCA as an 
 
a = an.analyze("./T=0.1/dca_tp.hdf5", channel=“PARTICLE_PARTICLE_UP_DOWN")
 
a.calcChi0Cluster()
 
a.buildFullChi0Lattice(nkfine=32)
 
a.calcG4Lattice()
 
a.diagonalizePPKernel()
 
print(a.lambdas.real[0:10])

a.plotEvecs3(0)

Then repeat for lower temperatures and see how leading eigenvalue grows and crosses 1. 


