
Density Functional Theory: 

Fundamentals and Recent Developments
Weitao Yang

Duke University

2H
+

Funding

   ACS

   NIH

   Lam Research

   

Theory

Biological

Nano

Material

TexPoint fonts used in EMF. 
Read the TexPoint manual before you delete this box.: AAAAAAAAAAAAAAAAA

 Los Alamos Computational Condensed Matter Summer School
LANL,  June 15, 2026



Outline

2

1. Fundamental Principles of DFT

2. Kohn-Sham Equations and Density Functional 

Approximations 

3. Fractional Perspectives: Insight and Corrections of 

Systematic Errors in Density Functional Approximation

4. Excited State Theory 



3



4



The curse of dimensionality in QM  

The problem is caused by the exponential increase in 

volume associated with adding extra dimensions to a 

(mathematical) space. 
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Density Functional Theory

Density functional theory (DFT) (1964, 1965)
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2. 
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½(r) ( ) N; v(r )( ) ª

The Nobel Prize in Chemistry 1998

Walter Kohn Pierre C. Hohenberg Lu J. Sham

½(r ) =
X

i

jÁi (r )j
2 Just the sum of molecular orbital densities 
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Approximations in exchange-correlation energy
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Exc[½(r )]

• 1965: Kohn and Sham, Local Density Approximation (LDA) 

•  1980s-1990s:   Axel Becke,      Robert Parr,          John Perdew 

•Generalized Gradient Approximation (GGA)

•Hybrid Functionals (B3LYP, PBE0)



Density Functional Theory

• Structure of matter: atom, molecule, nano, 

condensed matter

• Chemical and biological functions

• Electronic

• Vibrational 

• Magnetic

• Optical (TD-DFT)
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the electron density 

1. The electron density at r in physical space

2. The probability of finding an electron at r

3. A function of three variables
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For a determinant wave function
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Hohenberg-Kohn Theorems
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Given 𝑁 and an external potential 𝑣 𝐫 , its ground state electron density 

𝜌 𝐫  and non-degenerate state wavefunction 𝛹𝑣. 

𝐻𝑣 = ƶ𝑇 𝐫𝑖 + ƶ𝑉𝑒𝑒 𝐫𝑖 + 𝑉 𝐫𝑖 , 𝐑𝑖

𝑉 𝐫𝑖 , 𝐑𝑖 = ෍

𝑖

𝑁

𝑣 𝐫𝑖

𝐻𝑣𝛹𝑣 = Ev𝛹𝑣

Assume there is another external potential 𝑤 𝐫  having the same 

electron density 𝝆 𝐫 , with a non-degenerate state wavefunction 𝛹𝑤. 

𝐻𝑤𝛹𝑤 = Ew𝛹𝑤
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Then based on the variational principle, we should have the 

ground state energy 

Ev < 𝛹𝑤 𝐻𝑣 𝛹𝑤

= 𝛹𝑤 𝐻𝑤 𝛹𝑤 + 𝛹𝑤 𝑉 − 𝑊 𝛹𝑤

= Ew + නⅆ𝐫 𝑣 𝐫 − 𝑤 𝐫 𝜌 𝐫

and 

Ew < Ev + නⅆ𝐫 𝑤 𝐫 − 𝑣 𝐫 𝜌 𝐫

But this leads to a contradiction: 

Ew + Ev < Ew + Ev

Therefore, 𝑤 𝐫 = 𝑣 𝐫 . The mapping from ground state 

density 𝜌 𝐫  to potential 𝑣 𝐫  is unique!



Hohenberg-Kohn functional and  variational principle
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For a trial density 𝜌 𝐫  from a ground state of potential 𝑤 𝐫 , the HK 

functional is defined as

𝐸 𝜌 = 𝛹𝑤 𝐻𝑣 𝛹𝑤

= 𝛹𝑤
ƶ𝑇 𝐫𝑖 + ƶ𝑉𝑒𝑒 𝐫𝑖 𝛹𝑤 + නⅆ𝐫𝑣 𝐫 𝜌 𝐫

= 𝐹 𝜌 + නⅆ𝐫𝑣 𝐫 𝜌 𝐫

The ground state energy for potential v 𝐫  is

Ev = min
𝜌 𝐫

𝐹 𝜌 + නⅆ𝐫𝑣 𝐫 𝜌 𝐫

= min
𝜌 𝐫

𝐸𝑣 𝜌



Issues with the HK approach
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Ev = min
𝜌 𝐫

𝐹 𝜌 + නⅆ𝐫𝑣 𝐫 𝜌 𝐫

= min
𝜌 𝐫

𝐸𝑣 𝜌
 

Since we are interested in ground-state solutions, the restrictions 

of the variational domain to 𝑣 −representable densities, 𝒟𝑣, may 

not appear to be an issue. 

However, in the HK DFT, there is a 𝒗-representability problem: 

restricting the trial density 𝜌 to the 𝑣-representable set, 𝒟𝑣, is a 

concern when one considers the minimization, because it is 

difficult to force the allowed variations of the trial densities to be 𝑣-

representable. 

The condition for a density to be in 𝒟𝑣is not known in terms of a 

density itself.



Constrained-Search Approach: The variational principle for ground states

Most QM methods use the wavefunction as the

computational variable and work on its optimization.  
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An alternative route

Goal: Looking for the max height, and the tallest kid in a school. 

1) We can first look for the tallest kid in each class 

2)  then compare the result from each class
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An alternative route

is the original variablei

is the reduced variableJ
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The constrained-search formulation of DFT

Levy, 1979
25



The constrained search

1. A functional of density; given a density, it gives a 

number.

2. A universal functional of density, independent of 

atoms, or molecules.

B. The ground state energy is the minimum

A. We have a new  

C.                  is   the new reduced variable ½(r )
26



Functions and Functionals

• A function of one variable is a mapping from a number to a number

• A function of multi-variables is a mapping from muny numbers to a 

number

• A functional is a mapping from a function to a number. 

Functional is the continuous version of function of 

infinitively  many variables. 28



Functional derivatives
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Functional derivatives
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The meaning of functional derivative: let 𝛿𝑓 𝑥 = 𝛿 𝑥 − 𝑥0 , then



How to take functional derivatives
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How to take functional derivatives
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The Thomas Fermi Approximation for T

1. Divide the space into many small cubes

2. Approximate the electrons in each cubes as independent 

 particles in a box (Fermions)

3. T= Sum of the contributions from all the cubes 

² =
h2

8ml2
(n2

x + n2
y + n2

z) =
h2

8ml2
R2

²

Eigenstate  energies for particle in a cubic box 

With quantum numbers nx ; ny ; nz = 1; 2; 3; ::::

Each state can have two electrons (spin up and spin down). 
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The number of states (with ener gy < ²) ©(²)

©(²) =
1

8

4¼R3
²

3
=

¼

6
(
8ml2

h2
²)

3
2

Density of states

g(²) =
d©(²)

d²
=

¼

4
(
8ml2

h2
)

3
2 ²

Two elect rons occupy each state. The kinet ic energy is

t = 2

Z ² F

0

²g(²)d² =
8¼

5
(
2m

h2
)

3
2 l3²

5
2

F

N = 2

Z ² F

0

g(²)d² =
8¼

3
(
2m

h2
)

3
2 l3²

3
2

F

The Thomas Fermi Approximation for T
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The Thomas Fermi Approximation for T

To express t as a funct ion of density

t =
3

10
(3¼2)

2
3 l3(

N

l3
)

5
3

N

l3
! ½

l3 ! dr

TT F [½] =
X

t = CF

Z

dr½(r )
5
3

CF =
3

10
(3¼2)

2
3

---Local density approximation for T 35
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A Homework Problem

Find the TF kinetic energy for a 2-d system.



The Thomas Fermi energy functional

J [½] = 1
2

R
drdr 0½(r )½(r 0)

j r ¡ r 0j

For the Vee functional, use the classical electron-electron interaction 

energy

ET F [½] = CF

Z

dr½(r )
5
3 +

1

2

Z

drdr 0½(r )½(r 0)

jr ¡ r 0j
+

Z

drvext (r )½(r )

The Thomas-Fermi total energy functional is 

The minimizat ion of ET F [½] leads to the Euler-Lagrange equat ion, with ¹

for the const raint of
R

dr½(r ) = N .

¹ =
±Ev [½]

±½(r )
=

±TT F [½]

±½(r )
+ vJ (r ) + vex t (r )

or

5

3
CF ½(r )

2
3 +

Z

dr 0 ½(r 0)

jr ¡ r 0j
+ vex t (r ) = ¹



Comments on TF theory: Orbital-Free DFT

•Beautiful and simple theory, with density as 

the basic variable 

•Linear Scaling!  O(N)

BUT,

•the energy is NOT a bound to the exact 

energy

•no shell structure for atoms, no quantum 

oscillation

•no bounding for molecules

•Main problem is in the local

 approximation for T
40



Kohn-Sham theory, going beyond the Thomas-Fermi 

Approximation

Use a non-interacting electron system, —Kohn-Sham reference system,

 to calculate the electron density and kinetic energy

j©si = jÂ1Â2:::Âi Âj :::ÂN i

½(r ) =

NX

i

jÁi (r )j
2

Ts[½] = h©s j

NX

i

¡
1

2
r 2

i j©s i

=

NX

i

Z

dr i Á
¤
i (r i )

µ

¡
1

2
r 2

i

¶

Ái (r i )

=

NX

i

hÁi j ¡
1

2
r 2 jÁi i

43



Kohn-Sham theory

½(r ) =

NX

i

jÁi (r )j
2

Ts[½] =

NX

i

hÁi j ¡
1

2
r 2 jÁi i

² ½( r ) =
P

i jÁi ( r ) j2 is t he t rue elect ron den-

sit y, but Ts[½] is not T [½]: However, Ts[½] is

a very good approximat ion t o Ts[½]

² T he essence of K S t heory is t o solve Ts[½]

exact ly in t erms of orbit als

44



Kohn-Sham theory

½(r ) =

NX

i

jÁi (r )j
2

Ts[½] =

NX

i

hÁi j ¡
1

2
r 2 jÁi i

Int roduce the exchange correlat ion energy funct ional

F [½] = T[½] + Vee[½]

= Ts[½] + J [½] + Ex c[½]

Ex c[½] = T[½] ¡ Ts[½] + Vee[½] ¡ J [½]

J [½] = 1
2

R
drdr 0½(r )½(r 0)

j r ¡ r 0j
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Kohn-Sham Equations

½(r ) =

NX

i

jÁi (r )j
2

Ts[½] =

NX

i

hÁi j ¡
1

2
r 2 jÁi i

In terms of the orbitals, the KS total energy functional is now

Ev [½] =

NX

i

hÁi j ¡
1

2
r 2 jÁi i + J [½] + Exc[½] +

Z

drvex t (r )½(r )

The g.s. energy is the minimum of the functional w.r.t. all 

possible densities. The minimum can be attained by 

searching all possible orbitals

W[Ái ] = Ev [Ái ] ¡

NX

i

" i f < Ái jÁi > ¡ 1g

±W[Ái ]

±Ái (r )
= 0 46



T he orbit als f jÁi i g are t he eigenst at es of an

one-elect ron local pot ent ial vs( r ) if we have

explicit densit y funct ional for Exc[½] ( K S equa-

t ions)
µ

¡
1

2
r 2 + vs( r )

¶

jÁi i = " i jÁi i ;

or a nonlocal pot ent ial vNL
s ( r , r0) , if we have

orbit al funct ionals for Exc[Ái ] ( generalized K S

equat ions)

µ

¡
1

2
r 2 + vNL

s ( r , r0)

¶

jÁi i = " GK S
i jÁi i : 47



Kohn-Sham (KS)

Generalized Kohn-Sham (GKS)

One electron Equations

48

Computational Scaling

In finite basis sets, KS and GKS equations turn into matrix 

eigenvalue problem. The scaling is 𝑵𝟑.



Feastures of Kohn-Sham theory

1. With N orbitals, the kinetic energy is treated rigorously. In 

comparison with the Thomas-Fermi theory in terms of 

density, it is a trade of computational difficulty for 

accuracy.

2. The KS or GKS equations are in the similar form as the 

Hartree-Fock equations and can be solved with similar 

efforts.

3. KS or GKS changes a N interacting electron problem into 

an N non-interacting electrons in an effective potential.

4. The E_xc is not known, explicitly.  It is about 10% of the 

energy for atoms. 49



The Local Density Approximation (Kohn-Sham, 1964) 

EL D A
xc [½] =

Z

dr½(r )"xc(½(r ))

" xc( ½( r ) ) is t he XC energy per part icle of a

homogeneous elect ron gas of densit y ½: It is a

funct ion of ½:

D irac exchange energy funct ional

E L D A
x [½] = ¡ CD

Z

½( r )
4
3 dr

50



Functional derivatives

Functional Derivatives: Continuous extension of multivariable derivatives

51



Beyond the Local Density Approximation

LDA Ex c =
R

dr f (½) VWN, PW,

GGA Ex c =
R

dr f (½; r ½) BLYP, PW96, PBE

Hybrid Ex c = c1E H F
x + c2E GGA

x c B3LYP, PBE0

range-separated ....
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Atomization energies for a few selected molecules, mH
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Mean Absolute Errors (MAE) Thermochemistry(G3 set150), Barriers (HTBH42161 and 

NHTB38151), Geometries (T96), Hydrogen Bonding and Polarizabilities

GGA and Meta-GGA
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